Analytic families of eigenfunctions 
on a reductive symmetric space 

E.P. van den Ban and H. Schlichtkrull 

Abstract 

The asymptotic behavior of holomorphic families of generalized eigen- 
functions on a reductive symmetric space is studied. The family parameter 
is a complex character on the split component of a parabolic subgroup. 
The main result asserts that the family vanishes if a particular asymp- 
totic coefficient does. This allows an induction of relations between fam- 
ilies that will be applied in forthcoming work on the Plancherel and the 
Paley- Wiener theorem. 
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Introduction 

In harmonic analysis on a reductive symmetric space X an important role is 
played by families of generalized eigenfunctions for the algebra D(X) of invariant 
differential operators. Such families arise for instance as matrix coefficients of 
representations that come in series, such as the (generalized) principal series. 
In particular, relations between such families are of great interest. We recall 
that a real reductive group G, equipped with the left times right multiplication 
action, is a reductive symmetric space. In the case of the group, examples of 
the mentioned relations are functional equations for Eisenstein integrals, see 
[ p3| and ]25|], or Arthur-Campoli relations for Eisenstein integrals, see 0, H |. 
In this paper we develop a general tool to establish relations of this kind. We 
show that they can be derived from similar relations satisfied by the family of 
functions obtained by taking one particular coefficient in a certain asymptotic 
expansion. Since the functions in the family so obtained are eigenfunctions on 
symmetric spaces of lower split rank, this yields a powerful inductive method; we 
call it induction of relations. In the case of the group, a closely related lifting 
theorem by Casselman was used by Arthur in the proof of the Paley- Wiener 
theorem, see jjj, Thm. II.4.1. However, no proof seems yet to have appeared of 
Casselman's theorem. 

The tools developed in this paper are used in |i"l|| , and they will also be 
applied in the forthcoming papers Jl^] and (l3). For example, it is the induction 
of relations that allows us to establish symmetry properties of certain integral 
kernels appearing in a Fourier inversion formula in [ fj"T[ . Also in |]lTf , the induc- 
tion of relations is used to define generalized Eisenstein integrals corresponding 
to non-minimal principal series. In J^|, the results of this paper will be applied 
to identify these 'formal' Eisenstein integrals with those defined in Delorme |Q. 
This is a key step towards the Plancherel decomposition. The results will also 
be applied to establish functional equations for the Eisenstein integrals. Ap- 
plied in this manner our technique serves as a replacement for the use of the 
Maass-Selberg relations as in Harish-Chandra and [jl8]]. On the other hand, 
in ]T^ ] we apply our tool to show that Arthur-Campoli relations satisfied by 
normalized Eisenstein integrals of spaces of lower split rank induce similar rela- 
tions for normalized Eisenstein integrals of X. This result is then used to prove a 
Paley- Wiener theorem for X that generalizes Arthur's theorem for the group. In 
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particular, the missing proof of Casselman's theorem will then be circumvented 
by means of a technique of the present paper. 

It should be mentioned that in the case of the group, induction of Arthur- 
Campoli relations for unnormalized Eisenstein integrals is easily derived from 
their integral representations (see p|], p. 77, proof of Lemma 2.3). For normalized 
Eisenstein integrals, which are not representable by integrals, the result seems 
to be much deeper, also in the group case. 

One of the interesting features of the theory is that it also deals with families 
of functions that are not necessarily globally defined on the space X but on a 
suitable open dense subset. 

Asymptotic behavior of eigcnfunctions on a symmetric space has been stud- 
ied at many other places in the literature. The following papers hold results 
that are related to some of the ideas of the present paper j2^] , [^0| , [|32| , 0| , 

in, Hi, @, 0, @, d, §, |§, §, 

The core results of this paper were found and announced in the fall of 1995, 
when both authors were guests at the Mittag-Lefner Institute. In the same 
period Delorme announced his proof of the Plancherel theorem, which has now 
appeared in |ll| . 

We shall now explain the contents of this paper in more detail. The space 
X is of the form G/H, with G a real reductive Lie group of Harish-Chandra's 
class, and H an open subgroup of the set of fixed points for an involution a 
of G. 

The group G has a a-stable maximal compact subgroup K, let 8 be the 
associated Cartan involution of G. Let Pq = MqAqNq be a fixed minimal a o 6- 
invariant parabolic subgroup of G, with the indicated Langlands decomposition. 
The Lie algebra ao of Aq is invariant under the infinitesimal involution a; we 
denote the associated —1 eigenspace in ao by a q . Its dimension is called the split 
rank of X. Let A q be the vectorial subgroup of G with Lie algebra a q and let 
A q es be the set of regular points relative to the adjoint action of A q in g. Then 
X + := KA q cs H is a Jf-invariant dense open subset of X. Let be the open 
chamber in A q determined by Pq. Then X + is a finite union of disjoint sets of 
the form KA+vH, with v in the normalizer of a q in K. In this introduction 
we assume, for simplicity of exposition, that X + = KA+H. This assumption is 
actually fulfilled in the case that X is a group. 

Let (r, V T ) be a finite dimensional continuous representation of K. Then 
by C°°(X + : r) we denote the space of smooth functions /:X + — » V T that are 
r-spherical, i.e., f(kx) — r(k)f(x), for all x G X + and k G K. 

Let V a denote the (finite) set of a a ^-invariant parabolic subgroups of G 
containing A q . Let Q = MqAqNq be an element of V a . Then a restricts to an 
involution of ciq, the Lie algebra of Aq; we denote its —1 eigenspace by ciQ q . 
In the first part of the paper we study a family / of the following type (cf. 



Definition 7.1). The family is a smooth map of the form 

f:QxX + ^V T , 

with f2 an open subset of ag qc , the complexified linear dual of dg q . It is assumed 
that / is holomorphic in its first variable. Moreover, for every A G O the 
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function f\: = /(A, •) belongs to C°°(X + : r). It is furthermore assumed that 
the functions fx allow suitable exponential polynomial expansions along A£. 
More precisely, we assume, for m G Mo and a G A+, that 

fx{ma)= aSX ~ PP ° £ o-^A.logo.m). (0.1) 

Here W is the Weyl group of S = £(g,a q ) and Wq is the centralizer of OQ q 
in W. Moreover, £(Po) denotes the collection of roots from £ occurring in JVq 
and y is a finite subset of *ag qc , the annihilator of ciQ q in a* c . Finally, the q s ^ 
are smooth functions, holomorphic in the first and polynomial in the second 
variable. Thus, we impose a limitation on the set of exponents and assume 
that the coefficients depend holomorphically on the parameter A. The type of 



convergence that we impose on the expansion (3.1) is described in general terms 
in the preliminary Section |l|. 

We show that the functions f\ actually allow exponential polynomial expan- 



sions similar to (0.1) along any (possibly non- minimal) P G P a . These expan- 
sions are investigated in detail in Sections and [7| Their coefficients are families 
of r|M P nA"-spherical functions on Xp j+ , the analogue of X + for the lower split 
rank symmetric space Xp: = Mp/Mp n H. 

The operators from B(X) do also allow expansions along every P G Va- 
in Section |J this is shown by investigating a radial decomposition that reflects 
the decomposition G — KMpAp q H. It is of importance that the coefficients in 



these expansions are globally defined smooth functions on Mp, see Prop. 4.10 



and Cor. 4.9. From the expansions we derive that the algebra B(X) acts on the 



space of families of the above type, see Prop. 7.6. 

In Section |^ we introduce the notion of asymptotic s-globality of a family 
along P. Losely speaking, it means that the coefficients q s ^(X,\oga, ■) of the 
expansion along P extend smoothly from Xp + to the full space Xp, for every 
£ G (sWqY — NS(P))| ap . This notion is proved to be stable under the action 
ofID>(X). 

In Section ^ we impose three other conditions on the family. The first is that 
each member satisfies a system of differential equations of the form 

Dfx = (D G I s ,x). 

Here Is,\ is a certain cofinite ideal in the algebra B(X) depending polynomially 
on A G ag qc in a suitable way. Accordingly, A is called the spectral parameter of 
the family. The second condition imposed is a suitable condition of asymptotic 
globality along certain parabolic subgroups P with dim(a q /ap q ) = 1. Thirdly, 
it is required that the domain Q for the parameter A is unbounded in certain 



directions (see Dcfn. 9.9) 



The first main result of the paper is then the following vanishing theorem, 
see Theorem |9. 10 . 



The vanishing theorem. Let f be a family as above, and assume that the 
coefficient of A — pq in the expansion along Q vanishes for A in a non-empty 
open subset of f2. Then the family f is identically zero. 
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In the proof the globality assumption is needed to link suitably many asymp- 
totic coefficients together; the vanishing of one of them then inductively causes 
the vanishing of others. In the induction step a key role is played by the obser- 
vation that a symmetric space cannot have a continuum of discrete series. 

The importance of the vanishing theorem is that it applies to many families 
that naturally arise in representation theory. In the present paper we show 
that this is so for Eisenstein integrals associated with the minimal principal 
series for X; in JlJ] we will show that Eisenstein integrals obtained by parabolic 
induction from discrete series form a family of the above type. The idea is that 
the latter Eisenstein integrals can be obtained from those associated with the 
minimal principal series by the application of residual operators with respect to 
the spectral parameter. Such residual operators occur in our papers [jl0| and 

0- 

A suitable class of operators containing the residual operators is formed by 
the Laurent operators. In the second half of the paper we study the applica- 
tion of them to suitable families of eigenfunctions, with respect to the spectral 
parameter. The Laurent operators are best described by means of Laurent 
functionals, see Sections and O. 

In Section |l2| we introduce a special type of families g of eigenfunctions. It is 
of the above type, with fl dense in a* Pqcl P a minimal parabolic subgroup in P a , 
and satisfies some additional requirements, see Definition 12. § . One of these is 



that the family and its asymptotic expansions should depend meromorphically 
on the spectral parameter A £ cip qc with singularities along translated root 
hyperplancs. This allows the application of Laurent functionals with respect 
to the spectral parameter. More precisely, let Q £ V a contain P, and let C 
be a Laurent functional on *ciQ qc . From the family g a new family / = C*g, 
with a spectral parameter from aQ qc , is obtained by the application of £ to the 



"aQ qc -component of the spectral parameter. In Theorem 13.12 it is shown that 
the resulting family C*g satisfies the requirements of the vanishing theorem, 
provided the special family g satisfies certain holomorphic asymptotic globality 
conditions. 

In Section [lj we introduce partial Eisenstein integrals associated with a min- 
imal parabolic subgroup P from V a . The partial Eisenstein integrals are spher- 
ical generalized eigenfunctions on X + obtained from the normalized Eisenstein 
integral E°(P: A), (A £ a* c generic), by splitting it according to its exponential 
polynomial expansion along P. More precisely, the exponents of E° (P : A) are 
contained in WX — pp — NS(P); the partial Eisenstein integrals E + _ S (P : A), for 
s £ W, are the smooth spherical functions on X + determined by the require- 
ments that 

E°(P : A) = ^P+, S (P:A) 

sew 

and the set of exponents of E+ >S (P : A) along P should be contained in sA — pp — 
N£(P). It is then shown that the partial Eisenstein integrals yield examples of 
the special families mentioned above. Moreover, if Q £ P^, Q D P, let be 
the collection of minimal length (with respect to £(P )) coset representatives for 
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W/Wq in W. Then it is shown that for each t G Wq the family 



ft= E +,st(P- •) (0-2) 

satisfies the additional holomorphic asympotic globality property guaranteeing 
that £*ft satisfies the hypothesis of the vanishing theorem, for C a Laurent 
functional on *£o qc - 

In Section [lathe asymptotic behavior of £*/t is investigated, and the co- 
efficient of a x ~ PQ in the expansion along Q is expressed in terms of partial 
Eisenstein integrals of Xq . 

The above preparations pave the way for the induction of relations in Section 



|I6| . The idea is as follows. Let f t be the family defined by (0.2 ), and let a Laurent 
functional Ct on *ag qc be given for each t G Wq. Then by the vanishing theorem 
a relation of the form Ctft = is valid if a similar relation is valid for the 
(A — /^-coefficients along Q; this in turn may be expressed as a similar relation 
between partial Eisenstein integrals for the lower split rank space Xq. In this 
setting, taking the (A — pQ)-coefficient along Q essentially inverts the procedure 
of parabolic induction from Q to G. This motivaties our choice of terminology. 



The precise result is formulated in Theorem 16.1. An equivalent result, closer to 
the formulation of Casselman's theorem in [jl| is stated at the end of the section. 



1 Exponential polynomial series 

Let A be a vectorial group and a its Lie algebra. The exponential map exp: a — ► 
A is a diffeomorphism; we denote its inverse by log . If £ belongs to a* , the 
complexified linear dual of a, then we define the function : a i— > on A by 
cfi = e^ losa \ Let -P(a) denote the algebra of polynomial functions a — > C. If 
d G N, let Pd(o) denote the (finite dimensional) subspace of polynomials of 
degree at most d. Let A be a set of linearly independent vectors in a (we do not 
require this set to span a). We put 

a+ = a+(A):= {X e a | a(X) > 0, V a E A}, 

and A+ = A+(A) = exp(o+). We define NA to be the N-span of A; if A = 
then NA = {0}. Moreover, if X is a subset of a*, we denote by X — NA the 
vectorial sum of X and NA. 

Let V be a complete locally convex space; here and in the following we will 
always assume such a space to be Hausdorff. If £ G a*, then by a V- valued 
^-exponential polynomial function on A we mean a function A — > V of the form 
a i ► a^q(loga), with q G P(a) ® V. 

Definition 1.1 By a ^.-exponential polynomial series on A with coefficients in 
V we mean a formal series F of exponential polynomial functions of the form 

]r a «<Z 4 (loga), (1.1) 



G 



with £ i— > a map — » -P(a) V, such that 

(a) there exists a finite subset X C such that q^ = for £ ^ X — NA; 

(b) there exists a constant deN such that g^ £ -Pd(tt) ® for ah (6 a*. 

The smallest d G N with property (b) will be called the polynomial degree of 
the series; this number is denoted by deg(F). 

The collection of all A-exponential polynomial series with coefficients in V 
is denoted by T°p (A, V) = T c £ (A, V). 

If F G JF cp (A, V) is an expansion of the form then, for every £ 6 a*, 
we write q%(F) for q^. Moreover, we write q(F) for the map £ i— » q%(F) from a* 
to Pd(fl) <8> V". Then F i— » g(-F) defines a bijection from .F ep (A, V) onto a linear 
subspace of (P<j(a) ® F) 0c , the space of maps a* c — > Pd(o)<8> V. Via this bijection 
we equip .F cp (A, V) with the structure of a linear space. 

If T G F°p(A,V), then 

Exp(F):={£Ga* |ge(F)^0} 

is called the set of exponents of F. If -Fi, -F2 G J- cp (A, V), we call F\ a subseries 
of T 2 if q s {F 2 ) = o*(Fi) for all £ G Exp(Fi). 



The series (1.1) is said to converge absolutely in a fixed point ao G A if the 
series 

4%(loga ) 

£GExp(F) 

with coefficients in V converges absolutely. It is said to converge absolutely on 
a subset ft C A if it converges absolutely in every point ao G fi. In this case 
pointwise summation of the series defines a function £1 —* V. 



We will also need a more special type of convergence for the series (1.1) 



Definition 1.2 The series (1.1) is said to converge neatly at a fixed point qq G 



A if for every continuous seminorm s on Pd(a) <8> V, where d = deg(T), the series 

«eExp(F) 

converges. 

The series ( [hl| ) is said to converge neatly on a subset il of A if it converges 
neatly at every point of Q. 



Remark 1.3 If the series ([0]) converges neatly at a point ao G A, then so does 
every subseries. Moreover, neat convergence at ao implies absolute convergence 
in ao- However, we should warn the reader that neat convergence at ao cannot 
be seen from the scries with coefficients in V arising from (1.1) by evaluation of 
its terms at a — ao, since this type of convergence involves the global behavior 
of the polynomials q^. In particular, it is possible that the series ([bl]) does not 
converge neatly at ao, whereas its evaluation in ao is identically zero. 
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The motivation for the definition of neat convergence is provided later by 



Lemmas 1.5 and 1.9, which express that neat convergence of the series (1.1) on 
an open subset fl C A guarantees that (a) the function /: il — > V defined by 
( [hi] ) is real analytic on SI; (b) its derivatives are given by series obtained by 
termwise differentiation from ( ]1 . 1| ) . 

By a A-power series on A, with coefficients in V, we mean a A-exponential 
polynomial series F with degF = and Exp(_F) C — NA, i.e., 

F= ]T a^, (1.2) 

£g-na 

with £ V, for £ e — NA. Note that for a A-power series the notion of neat 
convergence at a point ao £ A coincides with the notion of absolute convergence 
in the point ao- 

The terminology 'power series' is motivated by the following consideration. 
If \x € NA, we put ll = X] q gA ^a a : with \i a 6 N. For z 6 C A , we write 

* m = n 

a£A 

Finally, to the series ( |l.2| ) we associate the power series 

(1-3) 



E - 

fj,£NA 



with coefficients in V. 

Let z: A — > C A be the map defined by z(a) a — a~ a . Then it is obvious that 



the series (1.2) converges with sum S for a = ao if and only if the power series 
( |l~3| ) converges with sum S for z — z(ao). If r G ] 0, oo [ A we write D(0,r) for 
the polydisc in C A consisting of the points z with \z a \ < r a for all a £ A. Note 
that the preimage of this set in A under the map z is given by 

j4 + (A, r): = {« e i a~ a < r a , VaeA}. 

If R > 0, we also agree to write A + (A, R) for ^4 + (A, r) with r defined by r Q = R 
for all a £ A. Finally if a G A, we write ^4 + (A, o ): = A + (A,z(a Q )). Thus, 

A+(A, a ): ={oeA|o a >a^, V a e A} = A+a . (1.4) 



We no w n ote that if (1.2) converges absolutely for a = ao, then the power 
series (1.3) converges absolutely for z — z(ao), hence uniformly abs olut ely on 
the closure of the polydisc D(0,z(ao)). It follows that the series ( [l~2] ) then 
converges uniformly absolutely on the closure of A + (A, ao). 

Let ao 6 A. By 0(A + (A, ao), V) we denote the space of functions f: A + (A, ao) 
V that are given by an absolutely converging series of the form ([1.2]) . For such 



a function the associated power series (|1.3[) converges absolutely on the polydisc 
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-D(0, r), with r = z(ao); let /: D(Q, r) — > V be the holomorphic function defined 
by it. Then obviously 

f(a) = f(z(a)), (aeA+(A,a )). 

We see that the A-power series representing / £ 0(^4 + (A,ao) is unique. More- 
over, let 0(Z?(O, r), V) denote the space of holomorphic functions -D(0, r) — > V, 
then it follows that the map 

/.-/, 0(A+(A,r),F)^O(D(O,r),F) 

is a linear isomorphism. 

In particular it follows that every / £ 0(^4 + (A, r), V) is real analytic on 
A + (A, r). Moreover, its A-power series converges uniformly absolutely on every 
set of the form A + (A, p), where p £ ] 0, oo [ A , p a < r a for all a E A. 

If is a real linear space, then by 5(c) we denote the symmetric algebra 
of its complcxification t> c . Via the right regular action we identify 5(a) with 
the algebra of invariant differential operators on A. If / £ 0(A + (A, r), V) and 
u £ 5(a), then uf belongs to 0(A + (A 7 r), V) again; its series may be obtained 
from the series of / by termwise application of u. 



We now return to the more general exponential polynomial scries (1.1) with 
coefficients in V. Let d > deg(F). Fix a basis A of a. For m £ NA we write 
m = X/AeA and |m| = X)a to ^- F° r sucn m we define the polynomial 
function X >— > X rn on a by 

x m = Y[ X(X) m \ 

AeA 

These polynomial functions with \m\ < d constitute a basis for Pd(a). Accord- 
ingly, we may write: 

q s (X) = X m c Lm , (1.5) 

| m | < d 

with C£ im £ V. 



Lemma 1.4 The series (1.1) converges neatly on a set f2 C A if and only if for 



every m £ NA with \m\ < d the series 

eeExp(F) 

with coefficients in V converges absolutely for all a £ ft. 

Proof: This is a straightforward consequence of the definition of neat conver- 
gence and the finite dimensionality of the space Pd(a). □ 
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We define a partial ordering r^A on a* by 

6 £2 <=> £2 - 6 G NA. (1.6) 
Moreover, we define the relation of A-integral equivalence on a* by 

6 ~a fa <=> fs-^e ZA. 



Let i* 1 G J rcp (yl, V) be as in (1.1) an d have polynomial degree at most d. In 
view of condition (a) of Definition 



1.1 



the restriction of the relation to the 
set Exp(-F) induces a finite partition of it. Every class u> in this partition has a 
least ^A-upper bound s(w) in a*. Let S — Sf be the set of these upper bounds. 
For every s G S and every to G NA with m < d we define the A-power series 



/s,m(o) = ^ a 



--s — fj,,m •} 



(1.7) 



pGNA 



with coefficients determined by (fL5|). 



Lemma 1 .5 Let the series (LI) be neatly convergent at the point ao G A. Then 
the series (1.1) and, for every s G 5 = SV and to G NA with |m < d, the series 
( fL~^ ) is neat ly co nvergent on the closure of the set A + (A, ao). The functions f s , m , 
dehned by (jlll) , belong to 0(A+(A, a ), 7). Moreover, Jet /: A+(A,a ) -» V 
be the function defined by the summation of ( |l.i| ). Then 



/(o)= J2 a s (loga) m / s , m (a), (a G A+(A, a )). 



(1.8) 



n\<d 



In particular, the function f: A + (A, ao) — > is reai analytic. 

Proof: From the neat convergence of ([hi]) at ao it follows by Lemma 1.4 that 
for every s and to the series X^gna a ^~^ c s~^,m converges absolutely for a = ao. 
This implies that the A-power series ( |l.7| ) converges absolutely for a = ao . Hence 
it converges (uniformly) absolutely on the closure of A + (A, ao); in particular it 
converges neatly on that set. It follows from this that f s>m G 0(A + (A, ao), V"), 
for s G S and m G NA with \m\ < d. Moreover, 



a s (loga) m / s 



4Gs-NA 



a* (log 



(1.9) 



where the A-exponcntial polynomial series on the right-hand side converges 
neatly on the closure of A + (A, ao). The series (|l~9|), for s G S and m G NA with 
\m\ < d add up to the series (1.1), which is therefore neatly convergent as well. 
Moreover, (1.8) follows. This in turn implies the real analyticity of the function 
/■ □ 
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Remark 1.6 Let <xa'-= n Qe Akera and A A : = cxp(oa)- Then the functions 
/ Si m, defined by ( |L~7| ) satisfy / a m (ooA) = fs,m(a) for all a <E A, a A <E A A . 
In particular, the function / of (|0|) generates a finite dimensional ^A-module 
with respect to the right regular action. Thus, if A = 0, then / is an exponential 
polynomial function. 



Lemma 1.7 (Uniqueness of asymptotics) Let ao G A, and assume that the A- 
exponential polynomial series (1.1) converges neatly on A + (A, ao). If the sum 
of the series is zero for all a 6 A + (A, ao), then — for all ^GaJ. 



Proof: Let f:A + (A, ao) ~>_V be defined by sum mation of the series (1.1). 
Then it follows from Lemma 1.5 that the series (1.1) is an asymptotic expansion 
for / in the sense of [||, Sect. 3. Hence, if / = 0, then by uniqueness of 
asymptotics, see [§2), p. 305, Cor. and [||, Prop. 3.1, it follows that the series 
vanishes identically. □ 



Definition 1.8 Let ao £ A. By C ep (A + (A, ao), V) we denote the space of func- 
tions f:A + (A,ao) — > V that are given by the summation of a (necessarily 



unique) neatly converging A-exponential polynomial series of the form (1.1). 

If f € C cp (A + (A, ao), V), then by ep(/) we denote the unique series from 
T ep (A, V) whose summation gives f. Moreover, the asymptotic degree of f is 
defined to be the number 

deg a (/):=deg(ep(/)). 



Note that the map 

ep:C c ?(A+(A,a Q ),V) -> F cp (A,V), 

defined above, is a linear embedding. 

Let / e C cp (A+(A, a ), V). We briefly write Exp(/) for the set Exp(ep(/)); 
its elements are called the exponents of /. We put q^(f, ■ ):= gg(ep(/), • ), for 
£ G a*. Then £ e Exp(/) a s (/) + 0. 

The ^A-maximal elements in Exp(/) are called the (A-)leading exponents 
of / (or of the expansion). The set of these is denoted by Exp L ( f). 

By the formal application of 5(a) to J- cp (A, V) we shall mean the linear map 

5(a) ® T cp (A, V) -» F cp (A, V) 

induced by termwise differentiation (recall that 5(a) acts on C°°(A) via the 
right regular action). The image of an element u® F under this map will be 
denoted by uF. 
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Lemma 1.9 Let a a € A and let f £ C cp (A+(A, a ), V). If u e 5(a) then the 
function uf: a i— > R u f(a) belongs to C° p (A + (A, ao), V). Moreover, 

ep("/) = uep(f). 



Proof: We may assume that it G a. Express / as in (1.8). For each s,m 
the function uf s , m belongs to O(A + (A,a ),V); its expansion is obtained from 
ep(/s,m) by termwise application of u, hence by the formal application of u. □ 

We shall also need a second type of formal application. Suppose that com- 
plete locally convex spaces U and W are given, and a continous bilinear map 
U x V — > W, denoted by (u,v) i— > uv. By the formal application of T cp (A, [/) 
to ^-" ep (A, V) we mean the linear map 



J rep (A, U) ® T cp (A, V) -> ^ cp (A, W), 



given by 



a«p ? (loga) (g) a%(loga) i-> a 1 " p ? (loga)g,,(loga). (1.10) 

^GaJ »?£<** " ea c S+'?= 1 ' 

This map is indeed well defined. To see this, let F denote the first series and G 
the second. Then for every v G a* c , the collection S v of (£, 77) G Exp(F) x Exp(G) 
with £ + 77 = v is finite. Hence the W- valued polynomial function 

has degree at most deg(F) +deg(G). Moreover, let X\,X% C a£ be finite subsets 
such that Exp(F) di-NA and Exp(G) Cl 2 -NA and put X = X 1 + X 2 . 
Then for v G a£ \ [X — NA] the collection 5„ is empty, hence r v = 0. Therefore, 



the forma l se ries on the right-hand side of ( 1.10 ) satisfies the conditions of 



Definition 1.1 



The image of an element F Cg> G under the map (1.10) is denoted by FG 



Again we have a lemma relating the formal application with neat convergence. 

Lemma 1.10 Let U x V — > W, (u, v) 1— * uv be a continuous bilinear map of 
complete locally convex spaces. Let ao 6 A and let f e C cp (A(A, ao), U) 
and g G G cp (yl(A, ao), V). Then the function fg:a 1— > f(a)g(a) belongs to 
C ep (A(A, ao), W). Moreover, its A-exponential polynomial expansion is given 
by 

ep(fg) = ep(/)ep(s). 



Proof: This follows by a straightforward application of Lemma 1.5. □ 
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2 Basic notation, spherical functions 



In this section we study spherical functions that are defined on a certain open 
dense subset X + of the symmetric space X, and are (radially) given by expo- 
nential polynomial series. This class of functions will play an important role in 
the paper. Later we will see that D(X)-finite spherical funtions belong to this 
class. 

Throughout this paper, we assume that X is a reductive symmetric space of 
Harish-Chandra's class, i.e., X = G/H with G a real reductive group of Harish- 
Chandra's class and H an open subgroup of G" 7 , the group of fixed points for an 
involution a of G. There exists a Cartan involution 9 of G, commuting with a. 
The associated fixed point group if is a cr-stable maximal compact subgroup. 

We adopt the usual convention to denote Lie groups by Roman capitals and 
their Lie algebras by the corresponding Gothic lower cases. The infinitesimal 
involutions 9 and a of q commute; let 

= £©p = fj®q (2.1) 

be the associated decompositions into +1 and —1 eigenspaces for 9 and cr, 
respectively. We equip g with a positive definite inner product ( ■ , • } that 
is invariant under the compact group of automorphisms generated by Ad(K). 
e *ad(p)^ q anc j a Then the decompositions ( |2.lD are orthogonal. 

Let dq be a maximal abelian subspace of pDq. We equip a q with the restricted 
inner product ( ■ , • } and its dual a* with the dual inner product. The latter is 
extended to a complex bilinear form, also denoted ( • , • ), on the complexified 
dual a* c . 

The exponential map is a diffeomorphism from a q onto a vectorial subgroup 
A q of G. We recall that G — KA q H. Let £ be the restricted root system of 
a q in g; we recall that the associated Weyl group W is naturally isomorphic 
to Nfc(a q )/Zfc(a q ), the normalizer modulo the centralizer of a q in K. Let o q eg 
denote the associated set of regular elements in a q , i.e., the complement of the 
union of the root hyperplanes kera, as a £ S. We put A r q es := exp(a q eg ) and 
define the dense subset X+ of X by 

X+ = KA q ° s H. 

If Q is a parabolic subgroup of G, we denote its Langlands decomposition by 
Q = MqAqNq. By a cr-parabolic subgroup of G we mean a parabolic subgroup 
that is invariant under the composition ao9. It follows from Q, Lemmas 2.5 
and 2.6, that the collection V a of a-parabolic subgroups of G containing A q is 
finite. 

If Q is a CT-parabolic subgroup then the Lie algebra ciq of its split component 
is cr-stable, hence decomposes as aq — aqh ® OQ q , the vector sum of the asso- 
ciated +1 and —1 eigenspaces of cr| 0Q , respectively. We write AQ q : = expoQ q 
and MQ a : — Mq(Aq fl H); the decomposition 

Q = M Q aA Qq N Q 
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is called the c-Langlands decomposition of Q.lt Q <EV a , then M\q = Q fl #(Q) 
contains ^4 q . Hence aQ q is contained in p n q and centralizes a q ; it follows that 
a Qq c a q- By ^(Q) we denote the set of roots of £ occurring in x\q. Obviously, 

n Q = ffiaeE(Q) 0a- 

Let P™ m denote the collection of elements of V a that are minimal with 
respect to inclusion. An element P G V a belongs to P™ m if and only if ap q = a q , 
sec J|], Cor. 2.7. This implies that the associated groups Mp and Ap are 
independent of P G P™ m . We denote them by M and A, respectively. From the 
maximality of a q in p n q it follows that raflp C f). Thus, if Km- = K P\ M and 
Hm : — H n M, then the inclusion map Km — > M induces a diffeomorphism 

Km/ Km H i? M/fT M . (2.2) 

In particular, the symmetric space M/Hm is compact. 

According to Q, Lemma 2.8, the map P i— » S(P) induces a bijective map 
from p™ ln onto the collection of positive systems for S. If $ is a positive system 
for S, then the associated element P £ P™ m is given by the following charac- 
terization of its Lie algebra: Lie (P) = m + a + X) a e$ 0q- From this we see that 
A^;(a q ) acts on P™ m by conjugation; moreover, the action commutes with the 
map P i— » S(P). Accordingly, the action factors to a free transitive action of W 
on P™ in , see also {§, Lemma 2.8. 

If P £ P™ m , then the collection of simple roots for the positive system S(P) 
is denoted by A(P); the associated positive chamber in a q is denoted by a q (P) 
and the corresponding chamber in A q by A+(P). Thus, we see that A q cg is the 
disjoint union of the chambers A+(P), as P £ V™ m . 

More generally, if Q G V a , we write 

a+ q : = {X G a Qq | > for a G E(Q)}. (2.3) 

It follows from Q, Lemmas 2.5 and 2.6, that dg q 7^ 0. Moreover, if X G dg q , 
then the parabolic subgroup Q is determined by the following characterization 
of its Lie algebra 

Lie (Q) = m © a © g Q . (2.4) 

Q (X)>0 



Conversely, if X is any element of a q , then (2.4) defines the Lie algebra of a 
group Q from V a \ moreover, X G Qg q - From this we readily see that conjugation 
induces an action of A^(a q ) on Va, which factors to an action of W. 

By a straightforward calculation involving root spaces, it follows that the 
multiplication map K x A q cg — > X induces a diffeomorphism 

K XN K ( a ^)nH A q cs X+. 
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In particular, it follows that X + is an open dense subset of X. Let Wkhh 
denote the canonical image of Njc (dq) H H in W and let W be a complete set 
of representatives for W/Wkdh in N K (a q ). If P £ P™ in , then it follows that 

X+ = U we w -?^4q (P)toff (disjoint union). (2.5) 

Moreover, for each w E W the multiplication map (fc, a) ^ kawH induces a 
diffeomorphism 

K x KMnwHw -i A+(P) i.A+(P) w P. (2.6) 



Here we have written = ]f n M; in fl2.6| ) the set on the right is an open 
subset of X. 

Let (r, V T ) be a smooth representation of if in a complete locally convex 
space. For later applications it will be crucial that we allow r to be infinite 
dimensional (see the proof of Theorem 7.7). 

By C°°(X + : r) we denote the space of smooth functions /:X+ — + V T that 
are r-spherical, i.e., 

f(kx) = r(k)f(x), (2.7) 

for x E X + , k E K. The space C°° (X : r) of smooth r-spherical functions on 
X will be identified with the subspace of functions in C°°(X + : r) that extend 
smoothly to all of X. 

In the following we assume that P E P™ ln is fixed. If w S -Afo(a q ), then by 
C^JX+ : r) or C^(X+ : r) we denote the space of functions / E C°°(X + : r) 
with support contained in KA+(P)wH. From (2.5) we see that 

C°°(X + : r) =® wew C~(X+: r). 

Let u> E -/Vfj-(a q ) be fixed for the moment. For / E C°°(X + : r) we define the 
function Tp w ,f E C°°(A+(P), v^" nwHw ^) by 

Ip llu /(o) = /(awtf). 

Since fl2.6| ) is a diffeomorphism, the restriction of Tp w to CjJ 3 (X+ : r) is an iso- 
morphism of complete locally convex spaces onto the space C°°(A+(P), yK™^ wHw 

Taking the direct sum of the maps Tp w , as w E W, we therefore obtain an iso- 
morphism of complete locally convex spaces 

T p w : C°°(X + :r) e weW C°° (A+ (P) , V^ M nwHw ~ 1 y (2.8) 



r) the space of functions f E C°° (X + : t) 



Definition 2.1 We denote by C ep (X+ : 
such that for every id E 

where the latter space is defined as in Definition 1.8, with a, ao and A replaced 
by a q , e and A(P), respectively. 



W the function Tp w f belongs toC cp (A+(P), V T KMnwHw ' 
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If f G C cp (X + : t), we define its asymptotic degree to be the number 
deg a (/):=max deg(T^/). 

It follows from the above definition that restriction of Tp w induces a linear 
isomorphism 

C cp (X+ : r) ~ ® WGW C^iA+iP)^^^' 1 ). (2.9) 

Using conjugations by elements of A^(cJq) it is readily seen that the space 
C cp (X + : r) and the map deg a :C op (X + : r) — > N are independent of the par- 
ticular choices of P and W. In particular, if P G P™ m and w G A r x(a q ), then 
Tp,J e C op (A+(P),^M nt "^") and deg(T^/) < deg a (/). We put 

Exp(P,w\f): = Exp(T Pw f), and Exp L (P, w | /): = Exp L (T^/). 

Moreover, for all £ 6 a* c we define q^(P,w\f) = q^{Tp w f). Then, for every 
a G A+(P), 

f(aw)= ]T a^(P,w\f,\oga), (2.10) 
?eE xp (p,t | /) 

where the A(P)-exponential polynomial series on the right-hand side neatly 
converges on A+(P). 

For w G A^if(oq), we will use the notation 

X 0tW :=M/M DwHw- 1 : (2.11) 

moreover, we put tm-= t k m and write C°°(Xq, w : tm) for the space of tm- 
spherical C°° functi ons from Xo iU , to V T , i.e., the space of fu ncti ons / G C°°(Xo iU ,, V T ) 
satisfying the rule (2.7) for k G Km and x G Xo iU) . From (2.2) with wHw^ 1 in 
place of H we see that the inclusion Km — > M induces a diffemorphism from 
Km/Km n wHw -1 onto Xo !tu . Hence evaluation at the point e(M n wHw^ 1 ) 
induces a linear isomorphism from C°°(lto tW : tm) onto v^ MnwHw . Thus, if 
/ G C cp (X + : t), then for every £ G a qc there exists a unique C^Xo,™ : tm)- 
valued polynomial function (P, w | /) on a q such that 

qt: (P, w\f,X, e) = ^(P, w | f)(X) (X G a q ). 
Using sphericality of the function / we obtain from ( p. 10 ) that 

f(maw)= ^2 °> i q£{P,w\f, \oga,m), (2.12) 

for m G M, a G A+(P). The series on the right-hand side is a A(P)-exponential 
polynomial series in the variable a, with coefficients in C°°pio,w '■ tm), relative 
to the variable m. As such it converges neatly on (P). 

We shall now discuss a lemma whose main purpose is to enable us to reduce 
on the set of exponents in certain proofs, in order to simplify the exposition. 
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Lemma 2.2 Let P £ P™ m and let W C -/Vft-(a q ) be a complete set of represen- 
tatives ofW/W K nH- Assume that f £ C op (X+ : r). 

There exists a finite set S C a* c of mutually A(P)- integrally inequivalent 
elements such that Exp(P, v | /) C S - NA(P) for every v £ W. 

If S is a set as above, then there exist unique functions f s £ C cp (X + : r), 
for s £ S, such that 

ses 

and such that Exp(P, v \ f s ) C s - NA(P), for every v £ W. 

Proof: There exists a finite set X C a* c such that Exp(P, v\f)cX- NA(P) 
for all v £ W. Obviously there exists a finite set S as required, such that 
X - NA(P) C S - NA(P). 

If S* is such as mentioned, then for s £ S and v £ W we define the function 

f s>v :A+(P)^V T K ^ nvHv ~ 1 by 

fs,v(a)= ^2 aS ~ U( ls-v(P,v | /,loga, e); 

i/eNA(F) 

here the exponential polynomial series is neatly convergent, hence f s>v belongs 
to the space C cp {A+(P), v^ MnvHv ~ 1 ), for every v £ W. By the isomorphism 
(^) there exists a unique function / s G C cp (X + : r) such that f s {av) = f s ,v(a) 
for u £ W, a £ A+(P). By the hypothesis on S the sets s - NA(P), for s £ S, 
are disjoint. Hence / = J2ses f s 011 A+(P)v, for every w £ W. By ( ^.5[ ) and 
sphericality this equality holds on all of X + . □ 



3 Asymptotic behavior along walls 

In this section we study the asymptotic behavior along walls of functions from 
C cp (X + : r); here r is a smooth representation in a complete locally convex 
space V T . 

Let P £ P™ m and let Q be a er-parabolic subgroup with Langlands decom- 
position Q — MqAqNq, containing P. In addition to the notation introduced 
in the beginning of the previous section, the following notation will also be 
convenient. 

We agree to write Kq: = KCiMq and Hq: = HC\Mq. Moreover, Wq denotes 
the centralizer of <XQ q in W. Then Wq ~ A^f Q (a q )/.2ffc; Q (a q ). On the other hand 
Wq is also the subgroup of W generated by the reflections in the roots from the 
set 

A Q (P):={ a e A(P) M OQq =0}. 

We note that S(Q) = S(P)\NA Q (P). Moreover, let E r (Q) denote the collection 
of dQq-weights in x\q. Then 

£,(Q) = H„ Qq |«eS(Q)}. 
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Let A r (Q) be the collection of weights from the set T, r (Q) that cannot be 
written as the sum of two weights from that set; then one readily verifies that 
A r (Q) equals the set of restrictions of elements from A(P) \ Aq(P) to ciQ q . In 
particular, the elements of A r (Q) are linearly independent. 

Given a G Ag q we shall briefly write ^4g q (ao) for the set Ag q (A r (Q), ao) 
defined as in ( |1.4| ) with ciQ q and A r (Q) in place of a and A, respectively. Simi- 
larly, if p g] 0, oo [ Ar ( < 3), we briefly write 

A+ q (p): = A+ q (A r (Q), p) = {ae A Qq \ a~ a < p a , Va € A r (Q)}. 

If i? > 0, we write Ag q (i?) for Ag q (p), where p is defined by p a = R for every 
a e A r (Q). Note that Aq (1) equals the positive chamber ^4g q : = exp(cig q ), see 
(II)- 

If v € Nk(0-ci), we define 

Xi Q ,„: = Mxq/Mxq n uFtT 1 . (3.1) 

This is a symmetric space for the involution <j v of Mig defined by a v (m) = 
vcr(v mv)v . Note that this involution commutes with the Cartan involution 
0\m 1q - Note also that a q is a maximal abelian subspace of Ad(u)(p D q) = 
pnAd(w)q. Hence it is the analogue of a q for the triple (Miq, Kq, MiqHvHv^ 1 ). 
The corresponding group A q may naturally be identified with a subspace of 

The image of Mq in X%q jV may be identified with 
X Q>v : = MQ/M Q nvHv- x , 
the symmetric space for the involution u v \m q - It follows from the characteriza- 



tion of V a expressed by ( 2A ) that 

V a = V«* (3.2) 

Hence Q is a cr^-parabolic subgroup as well. Hence aq D Ad(v)q — oq fl a q = 
aQ q , and we deduce that the inclusion Ag q — > Aq induces a diffeomorphism 
Ag q ~ Aq/Aq n vHv~ l . From this we conclude that the multiplication map 
Mq x AQ q — > A/ig induces the decomposition 

Xi<3,„ ^ Xg^ x Ag q . (3.3) 



Remark 3.1 In particular, the above definitions cover the two extreme cases 
that Q is minimal and that it equals G. 

In the case t hat Q 6 "P™ m , we have Q = MANq, and Xq^ equals the space 
Xo.-u defined in ( 2.11 ). Moreover, Xig jt) ~ Xo it) x A q . 

In the other extreme case we have Y±ig,v = G/vHv^ 1 . This symmetric space 
will also be denoted by X„. Note that right multiplication by v induces an 
isomorphism of X„ onto X. Note also that Mq equals °G, the intersection of 
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kerx, as \ ranges over the positive characters of G. Hence Xq iV = °G/°G n 
vHv . Finally, X« ~ X-g,v x Ag^, where Ao q is the image under exp of the 
space a<3 q , which in turn is the intersection of the root hyperplanes kera as 
a e S. 

Let x\q: = 9\\q be equipped with the restriction of the inner product ( • , • } 
from g. If Q ^ G we define the function Rq, v : M\q — >]0, oo[ by 

R Q}V (m) = \\Ad(ma v (m)- 1 )\ iiQ \\li 2 , 

where || ■ || op denotes the operator norm. We define Rg,v to be the constant 
function 1. 

The function Rq, v is right M\q R -invariant. It may therefore also 

be viewed as a function on Xiq^. We shall describe the function Rq jV in more 
detail below. 

The orthocomplement of <XQ q in a q is denoted by *ciQ q . Note that 

*a Qq = m Q n a q ; (3.4) 
hence *aQ q is the analogue of o q for the triple (Mq, Kq, Hq). We recall from the 



text following (3.1) that o q is maximal abelian in pRAd(v)q hence is the analogue 
of a q for the triple (G, K, vHv^ 1 ). Accordingly *og q is also the analogue of o q 
for the triple (M Q ,K Q , Mq R vHy^ 1 ). 

In view of ( |3.2| ), the group *P = P R Mq is readily seen to be a mini- 
mal cr"-parabolic subgroup for Mq; the associated positive chamber in *AQ q = 
exp(*a Qq ) is denoted by *A Q ~ q (*P)- 

Let yVQ, v be an analogue for Xq^ of W, that is, Wq. v is a complete set 
of representatives in NK Q (a q ) for the quotient Wq/WkqHvHv- 1 ■ Let Xq,„ + be 



the analogue for Xq, v of the open dense subset X+ of X. According to (2.5) this 



set may be expressed as the following disjoint union of open subsets of Xq >v 
x Q,v,+ -= |J K Q *A+ q {*P)u(M Q nvHv- 1 ) (disjoint union). 

uGWq „ 

(3.5) 



Let Xig !t)) + be the analogue of X + for Xiq^; then from (3.2) we see that 
X-iQ,v,+ — ^q,v,+ x AQ q . In terms of this decomposition and (3.5) the function 
Rq, v may be expressed as follows. 



Lemma 3.2 The function Rq, v : M\q —►](), oo[ is continuous, and right M\q R 
vHv^ 1 - and left KQ-invariant. Moreover, if Q ^ G and if a 6 A q and u G 
N KQ (a q ), then 

Rn v (au) = max a~ a . (3.6) 

Finally, R Q>V > 1 on X QtV . 
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Proof: Since Rg,v is the constant function 1, we may as well assume that 
Q ^ G. Continuity of the function Rq jV is obvious from its definition. The 
group Kq is a v invariant and acts unitarily on tiq; hence the left i^Q-invariance 
is obvious from the definition. If a £ A q , then aa v (a)~ 1 — a 2 . Hence the 
operator norm of Ad(acr 1 '(a) _1 ) on Hq equals the maximal value of a~ 2a as 
a G S(Q). This implies for u = 1. 

The element u G iVft- Q (a q ) belongs to Mq, hence Ad(w) normalizes rig. 
Therefore, Ad(it) leaves the collection of a q -roots in xvq invariant. Put 

a' = u~ l au. The n R q v {clu) = RQ tV (a') — max QeS (Q) (a')~ a . Since Ad(w) leaves 
invariant, ( |3.6| ) follows. 

If a € S, let /i Q be the element of a q determined by a(X) ~ (h a , X), 
for X G a q . Then the closure of *<^Q q {*P) is contained in the closed convex 
cone generated by the elements hp, for (3 G Aq(P). If a G A(P) \ Aq(P), 
then a{hp) = (a, fi) < 0, for /3 G Aq(P); hence a < on *a^ q (*P). But 
A(P) \ A Q (P) C hence it follows that R Q . V > 1 on *A+ q (*P)u, for every 

u G Wq.„. The final assertion follows from combining this observation with 
( |3.5| ), the left i^Q-invariance of Rq. v and density of Xq i1)!+ in Xq„. □ 



If 1 < R < oo we define 

X Q jR]:={m G Xq^ | R Q , v (m) < R}. (3.7) 

Note that Xq :1 ,[1] = and Xq, v [oo] = Xq^; moreover, Ri < R 2 =>■ Xq^^i] C 
Xq v [R 2 }. Finally, the union of the sets Xq v [R] as 1 < R < oo equals Xq ^. 



In accordance with (3/7) we define XQ jt , !+ [i?]: = Xq „ j+ n Xq^, [i?], for 1 < 



R < oo. Moreover, we also put 

*A+ q (*P) [iJ]: = {a G *A+ q (*P) | o" a < R, V«e E(Q)}. 
Note that, if a G S(P) \ S(Q), then a~ Q < 1 < i? for all a G *A^ q (*P). Hence 
*A+ q CP) [R] ^*A+ q (*P)nA+(P,R). 



It follows from (|3 . 5[) and Lemma 3.2 that 



XQ, Vt+ [R]= (J K Q *A+ q {*P) [B] u{M Q nvHv- 1 ) (disjoint union). 

(3.8) 

The function Rq >v plays a role in the description of the asymptotic behavior 
of a function / G C cp (X + : r) along 'the wall' A~Q q v. This behaviour is described 
in terms of an expansion of f(mav) in the variable a G Ag q , for m G Xq^ !+ . 
Thus, it is of interest to know when mavH belongs to X+ , the domain of /. 

Lemma 3.3 

(a) If b G *A+ q {*P) and a G A+^Rg.^b)- 1 ) then ba G A+(P). 
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(b) Let m G Xg it) . + . Then mavH G X + for all a G AQ q (RQ_ v (m) x ). 

(c) Let R>1. Then Xq^^^A^R-^vH C X+. 

Proof: Let b and a fulfill the hypotheses of (a). If a G Aq(P), then (ba)~ a = 
b~ a < 1. On the other hand we have, for a G A(P) \ A Q (P), that a G £(Q), 



hence (6a) _Q < RQ tV {b)aT a < 1, by Lemma 3.2. Hence &a G A+(P), and (a) is 
proved. 

Let to be as in (b), and let a G Ag q (i?g it ,(TO) _1 ). In view of ( |3 . 5[ ) we may 
write to = kbuh with fc G Kq, b G (*P), u G WQ it , and /i G Mq CI vHv^ 1 . 
Now mavH = kbuhavH = kbauvH. Thus, it suffices to show that ba G A+(P). 
This follows from (a) and the observation that i?Q^(&) = i?Q. t ,(m), by Lemma 

Finally, (c) is a straightforward consequence of (b) . □ 

If Q G V a we put tq: = t\ Kq - Then, for v G 2Vk (a q ), the space C ep (X QtVi+ : tq) 



3.2 



is defined as above (|2.9| ) with Xg jt , and tq in place of X and r, respectively. 



Theorem 3.4 Let / G C cp (X+ : r). Let Q G V a and v G A^(dq). 

(a) There exist a constant k G N, a finite set Y C flg qc , and for each 77 G 
y — NA r (Q) a C(Xq }Vi+ ,V t ) -valued polynomial function q v = q v (Q, v \ f) 
on 0Q q of degree at most k, such that for every to G XQ jt , i+ 

f{mav)= a% (log a, to), (a G A+^Pq^to)" 1 )), (3.9) 

where the A r (Q)-exponential polynomial series with coefficients in V T con- 
verges neatly on the indicated subset of Aq^. 

(b) The set Exp{Q,v\ /):= {?? G Y - NA r (Q) | q, q ± 0} is uniquefy deter- 
mined. Moreover, the functions q 71 , where rj G Y — NA r (Q), are unique 
and belong to Pd(aQ q ) ® C cp (Xq^ !+ : tq), where d: = deg a (/). Finally, if 
R > 1, then the the series on the right-hand side of converges neatly 
on Aq^R^ 1 ) as a A r (Q) -exponential polynomial series with coefficients 
mC°°(X QiVi+ [R]:T Q ). 

Proof: We will establish existence. Uniqueness then follows from uniqueness 



of asymptotics, see Lemma 1.7 



Fix P G P™ m with P c Q. Select a complete set W Q . V C N KQ (a q ) of 
representatives for Wq/Wq (~l W KnvHv -i. 

The set Wq, b « maps injectively into the coset space W/Wkdh- Hence it may 
be extended to a complete set W of representatives in A^(ciq) for W/Wkdh- In 



view of Lemma 2.2 we may therefore decompose /, if necessary, so that we arrive 
in the situation that there exists a s G a qc such that Exp(P, uv | /) C s — NA(P), 
for all u G Wq^. We put sq — s\aQ q . 
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Let u G Wq :V . Then the function f uv :a i— > f{auv) has a (unique) A(P)- 
exponential polynomial expansion on .A+(P) of the following type: 

fuv(a) = f{auv) = £ 9u^(l°g a )« 5 - (3.10) 

Here g„, 4 ( • ) = qt(P,uv | /, • , e) belongs to P rf (cO® v^n™^- 1 ^ 1 _ 

Let 9 6 S(a q ). Then according to Lemma [Oj, the function is given 

on A+(P) by a neatly convergent A(P)-exponential polynomial series that is 
obtained from (3.10) by term by term application of d. That is, 

dfuv(a)= ^2 #d,«,£(loga)a ? , (3.11) 

{es-NA(P) 

where qd,u,£ is the v^ MnuvHv * u ^valued polynomial function on a q of degree 
at most d given by 



<1<) 



u ,t(X) = e-tWd[e^q U £](X) (X G a q ). 



Let now R > 1 and let K, and K' be compact subsets of *Aq (* P)[r] an d 
Ag (Rr 1 ) , respectively. Then /C'/C is a compact subs et of A+(P), by Lemma 
|3.3| (a). Thus, if a G /C' and b £ JC, then the series in ( 3.11 ) with &a in place of 
a converges absolutely, and may be rearranged as follows: 

dfuv(ab)= Y, aV J2 bUo,u^°Sb + \oga). (3.12) 



In view of Lemma 1.5, the convergence is absolutely uniformly for (a, 6) <E /C'x/C. 

By a similar reasoning it follows from the neat convergence of the series 
( pill ) that > for 

any continuous seminorm <7o on Pz(a q ) <S> V^-, the series 

« Rc " £ &Re ^o(99,„ >? ) (3.13) 

»)Gs Q -NA r (Q) Se»-NA(P) 
«l a Qq = i 

converges uniformly for a G /C' and b £ JC. 

Let now i)£sq- NA r (Q) and let & £ *A+ q (*P) and a £ A+ q (P Qit ,(&)- 1 ). 

Then there exists a i? > 1 such that b G *Aq (*P)[#] and a G Ag q (P _1 ). Hence 
the series (3.13) converges, and by positivity of all of its terms we infer that the 
series 

£ & ReS <ro(?9,^) (3.14) 

5Es-HA(P) 
Sl a Qq = 7 > 

converges for every continuous seminorm cto on Pj(a q ) ® VV, for every 6 G 
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We now specialize to d = 1 and note that qi, u ,£ = Qu,£- Let X g aQ q . We 
define the linear endomorphism Tx of Pd(a q ) <g> V T by Txp(H) = p(X + H). 
This endomorphism is continuous linear by finite dimensionality. Combining 



this with the convergence of (3.14|) we infer, for every X G ciQ q , that 



,, UiV (X,b):= ^Tx(qu^)(\ogb) (3.15) 



Jes-NA(f>) 
5|OQq = 1 



is a function of b defined by a neatly convergent Aq (P)-exponential polynomial 
series on *Ag q (*P). It is polynomial in X of degree at most d, and real analytic 

in b G *A+ q (*P). Moreover, its values are in the space vf MnuvHv ~ lu ~ 1 . Thus 
qQjU, v G F<i(aQ q )®C c P(*ylJ q (*P), y^MiWft;- 1 *- 1 ^ In vicw of thc i somor phism 



( p.9| ) for Xq )V) +, tq, in place of X+, r, W, see also the decomposition (|3.5|) 

there exists a unique polynomial function q n = q, 1 {Q,v\ f) on aQ q with values 
in C ep (XQ. l , i+ : tq) such that 

g n (X, bu) = gQ, M ,„(X, 6), (X g a Qq , u £ W Qil „ 6 g *A+ q (*P)). (3.16) 

The degre e of as a pol ynomial function on ciQ q is at most d. Combining 



this with ( 3.15) an d ( 3.12 ) and using that RQ tV (bu) = RQ V (b), we arrive at 
the expansion (3J)) for m — bu and a G ylg q (i?Q^(m) _1 ). Using the left Kq- 
invariance of Rq iV a nd the sphericality of / and the functions m \— * g, ; (loga, m), 
we now obtain ( ^.9| ) with absolute convergence; the first two assertions of (b) 
follow as well. The assertion of neat convergence in (a) is a consequence of the 
final assertion in (b), which we will now proceed to establish. 

Let u G YVq, v and R > 1 be fixed. Then in view of the union ( p\§| ) it 
suffices to prove the neat convergence of the series (|T|) as a A r (Q)-exponential 
polynomial series with coefficients in C°° {Kq*A^ {* P)[r] u(Mq CwHv' 1 ) : tq). 
The map (k,a) i— > kauiMQpivHv^ 1 ) induces a diffeomorphism from Kq / {Kq D 
vHv- 1 ) x *A+ q (*P) [R] onto the open subset K Q *A+ q (*P) [R] u(Mq DvHv^ 1 ) of 
XQ )tJ) +. By sphericality of the coefficients of the series ( |3.9| ) we see that it suffices 
to prove that 

Y a r 'vi{qQ,u, v ) 

i)£ SQ -NA r (Q) 

converges absolutely, for a G Aq^R^ 1 ) and for <j\ any continuous seminorm on 

^(a Qq )®C°°(*A+ q (*P) M ,K KMntl ^ lu ")- 

Fix X G a Qq , d G S , (*ag q ), a g A^ q (P _1 ) and /C C Mj q (*P) [fl] a compact 
subset. Then it suffices to prove that 

Y, a? su V \\d(q Q , Uin {X, -))\\ (3.17) 

v e S Q-nAr(Q) K 

converges absolutely. 

From the neat convergence of the series ( p5| ), for b G *A Qq (*P), it follows 



that term by term differentiation is allowed. Since d G S(*an q ), whereas X G 
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a<2q, w e have 

= qa,u,z(X + log b). 

Hence, for every 77 G sq — NA r (Q), 

d{q Q ^ n {X, .))(&) = ^ 6^ 9 ,„ >s (X + log6). (3.18) 

£es-»A(P) 
SI«Qq = '! 

There exists a continuous seminoma 172 on Pd{<Xq) ®V T , such that, for every 
b G JC and all q G Pd(a q ) ® V^ T , 

||g(X + log6)[[ <«r a (g). 

In particular, this implies that 

\\q a ,u,d X + l °Sb)\\ <<T2(qd^e), (3.19) 

for every b £ JC. 

Combining ( |3.18| ) with fl3.19| ) we now obtain 

\a^\su V \\d(q Q ^ n )(X, -)|| < £ a R °^ R0 ^2(^). 

^ £es-MA(P) 
«l"Qq=>7 



Thus, the absolute convergence of (3.17) follows from the uniform convergence 
of ( |3T3| ), & 6 /C. □ 

Let / G C cp (X+ : r) and let Q £ V a and u £ N K (a q ). Moreover, let the set 
Y C ag qc and the polynomials q v = q n (Q,v | /), for r\ G Y — NA r (Q) be as in 
Theorem |3.4[ As in that theorem, we define 

Exp(Q, v\f) = {r)£Y- NA r (Q) \ q v ± 0} 

and call the elements of this set the exponents of / along (Q,v). If 77 € flQ qc 
does not belong to Exp(Q, v \ f), we agree to write q v (Q, v\f) = 0. 

Let now P G V™ in be contained in Q and put *P:= P n Mq. Then, for 
u G iVx Q (a q ), we define 

Exp(Q,u| /)p,„ = {77 g a^ qc I ^ ^ on a Qq x AQ*A+ q (*F) w (A/ Q n^- 1 )}. 

The elements of this set are called the (Q, u)-exponents of / on *Aq (*P)u. Let 
Wq, c C Nk q (a q ) be a complete set of representatives of Wq /Wq n W KnvHv -i . 
Then it follows from (O that 



Exp(Q,«|/) = (J Exp(Q,<;|/) F ,„. (3.20) 



We now have the following result. 
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Theorem 3.5 (Transitivity of asymptotics) Let / G C cp (X + : r). Let P, Q G 
Po-, assume that P is minimal and P C Q and put *P = P n Mg. Then for aii 
u G A^(a q ) and u G A^ Q (a q ) we have: 



Exp(Q, v | f) PjU = Exp(P, to | /) | a 



(3.21) 



Moreover, if ?y G Exp(P, to | /)| 0Qq , then for every b G *Ag q (*P), X G ag q , and 
me M, 



qr,(Q> v \f> x > mbu ) 



tfqt(P,uv\f,X + logb,m), (3.22) 



where the Aq(P) -exponential polynomial series (in the variable b) on the right 
is neatly convergent on *Ag q (*P). Furthermore, the series 



b^q 6 (P,uv\f,X + logb) 



(3.23) 



5eEx P (p,uu | /) 

«'°Qq=" 



converges neatly as a Aq(P) -exponential polynomial series in the variable b G 
*Aq (*P) with coefficients in C°°(X 0tUV : r M ). 

Proof: Let v G Ax(a q ) and u G Nk (ct q ) be fixed. Fix a set Wq iV such as in the 
beginning of the proof of Theorem ^J, and such that it contains u. Moreover, we 
select a set W of representatives for W/Wkdh in A/f (a q ) containing Wq, v v. As 
in the proof of the mentioned theorem we may restrict ourselves to the situation 
that Exp(P, u'v\f)Cs- NA(P), for some s G a* and all u' G Wq, v - In the 



following we may now use the notation and results of the proof of Theorem 3.4. 

Let r\ G sq — NA r (Q). Then from ( 3.1(f ) and (3.15) we infer that, for every 
X G ag q , 

q v (Q,v\f,X,bu)= Yl btqz(P,uv\f,X + logb,e), (b € M+ q (* P)); 

i l»Qq=1 

the series on the left-hand side converges neatly as a Aq (P)-exponential polyno- 
mial series in the variable b G *Ag q (*P). The function m i— ► | /, AT, m&u) 
belongs to C°°(Xo jtl ^: r M ), and so does the function m i— > g^(P, uv\f, X + 
log&, m), for every £ G s — NA(P). Evaluation at e induces a topological linear 
isomorphism C°°(Xq jW : tm) — V^ InwHw , for every w G A^^-(q q ), hence in 
particular for w — to. Thus, it follows from the above that (3.22) holds, with 
the asserted convergence. In addition, it follows that the series ( 3.23] ) converges 
as asserted. 



In the proof of Theorem 3.4 we saw that Exp(Q,w | /) C sq — NA r (Q). 
It follows from the derived expansion ( 3.22| ) that (3.21) holds with the inclu- 
sion 'C' in place of the equality sign. For the converse inclusion, let £o G 
Exp(P, to | /) and put n — ^o|a Qq - We select X G ag q such that the function 
b i — > q^ (P, to | /, X + log &, e) does not vanish identically on Mg q . The equality 



25 



( [3.22 ) holds for all b G *Aq (*P) with a Aq (P)-exponential polynomial series 
that converges neatly on *Aq (*P). Any exponent £ of this series coincides with 
V = Co|aQ q on aQ q ; if it also coincides with £o on *ciQ q , then £ = £q- Therefore, 
the function of b defined by the series on the right-hand side of ( 3 . 2 2j ) is non- 
zero. Hence q v {Q, v \ f) does not vanish identically on ag q x *Aq (*P)u and we 
conclude that i] G Exp(Q, v \ f)p yU . □ 

We proceed by discussing some useful transformation properties for the co- 
efficients in the expansion ( |3.9| ). 

If u G Nk (ciq) it will sometimes be convenient to write uX: = Ad(u)X for 
X G a q . Similarly, we will write u£: = £ o Ad(it) -1 , for £ G a* c . 

If tt,u € iVft-(aq) and Q G Per, then conjugation by u induces a diffeomor- 
phism 7 U from the space Xq^ onto X u q u -i u „; we note that 7« maps Xq^,-)- onto 
XuQ u -i ,„„,+. It is easily seen that P u q„-i, w (7«("i)) = RQ,v(m), for TO e X Q,«- 

For G C°°(XQ ;t ,. + : t q ), we define the function p T . u ip: X uQu -i uv>+ — ► V T 

by 

Pr,M x ) =T{u)y{~f- 1 {x)). (3.24) 

Then p T>u is a topological linear isomorphism from the space C°°(Xq. 1 ,. + : tq) 
onto the space C°° (X- u q u -i uv + : t u q u -i). Likewise, by similar definitions we ob- 
tain a topological linear isomorphism from C°°(Xiq, Vj + : tq) onto C°°(X 1u q u -i uv 
also denoted by /0 T ,«- 

Lemma 3.6 Let / G C cp (X+ : r), let Q G V a and u, v G N K {a q ). Then 

Exp(uQu~ 1 , I /) = u Exp(Q, w | /). 
Moreover, for every r\ G Exp(Q, v | /), 

q uv (uQu~ 1 ,uv\ f) = [Ad(u -1 )* ® p T ,u]qri(Q,v\f). 

Proof: Put Q' = uQu^ 1 . Let m G Xqi <UVi+ . Then, by Theorem [O], 

f(mauv)= d n q v (Q', uv | /)(loga, to), (3.25) 

?;eExp(Q',™ I /) 

for a G j4g, q (i?Q< !Ut ,(m) -1 ), where the series on the right-hand side is neatly 
convergent. On the other hand, from f(mauv) — T(u)f(~f~ 1 (m)u~ 1 auv) we 
see, using Theorem |3.4| again, that 

f(mauv) = r(u) £ a<q c (Q, v | /)(Ad(u)- 1 log a, 7 » 1 (m)): (3-26) 
CeExp(Q,tj l /) 

for u^ 1 au G ^Q q (PQ,i)(7,7 1 (™)) _1 )- We now note that the latter condition is 
equivalent to 

Hence the series ( p5l ) and ( j3~26l ) both converge neatly for a G AQ' q (Pg' iW (m) 1 ) 
All assertions now follow by uniqueness of asymptotics. □ 
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For later purposes, we also need another type of transformation property. 
Recall from Remark 3.1 that for u G A^(a q ) we write X„ = Xig> = G/uHu -1 ; 



let X„ j+ denote the analogue of X + for this symmetric space. We note that right 
multiplication by u induces a diffeomorphism r u from X u onto X, mapping X Uj+ 
onto X + . Hence pull-back by r u the topological linear isomorphism R u '-= r* 
from C°°(X + : r) onto C°°(X Ui+ : r); it is given by R u f{x) = f(xu). We note 
that th e m ap R u coincides with the map p T ,u, introduced in the text above 
Lemma |3.6| , by sphericality of the functions involved. 

The following result is now an immediate consequence of the definitions. 

Lemma 3.7 Let f G C* op (X + : r) and u G N K (a q ). Then R u f G C cp (X u , + : t). 
Moreover, for each Q &V a and every v G 7Vif(a q ), the set Exp(Q, vu | /) equals 
Exp(Q, v | R u f). Finally, if £ e Exp(Q, vu | /), then 

qt(Q,vu\f) = q(:(Q,v\R u f). 



4 Behavior of differential operators along walls 

We assume that Q £ V a is fixed. The purpose of this section is to study a 
Q-radial decomposition of invariant differential operators on X. This leads to a 
series expansion of such operators along (Q,e), with coefficients that turn out 
to be globally defined on the group Mqc. This will be of crucial importance for 
the applications later on (see Proposition |8.3| ). 

The involution Oct fixes a q pointwise, hence leaves every root space g Q , for a € 
S, invariant. We denote the associated eigenspaces of 9a\ Ba for the eigenvalues 
+ 1 and —1 by g+ and g~, respectively. Moreover, we put m^: = dimg^ . 

We recall that Kq = K n Mq and Hq = H n Mq. Define H 1Q : = H n M 1Q ; 
then Hxq = Hq(Aq n H). Note that Kq = K n Miq. The group Miq admits 
the Cartan decomposition Miq = KqA^Hiq and normalizes the subalgebra 

For m G Miq we define the endomorphism A(m) — Aqirn) G End(ng) by 
A(m): = croAd(m _1 )o&oAd(m). (4.1) 
Moreover, we define the real analytic function 8 = 5q:M\q — > K by 

5(m) =det(J- A{m)). (4.2) 
Finally, we define the following subset of Miq 

M[ Q :=M 1Q \5- l (G). (4.3) 

Lemma 4.1 

(a) Let m G Miq, fc G i^Q and /i G i/iQ. Then A(kmh) = Ad(/i _1 ) o A(m) o Ad(/i). 
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(b) The endomorphism A(m) G End(ng) is diagonalizable, for every m G 
Miq. The eigenvalues are given as follows. Let m = kah, with k £ Kq, 
a 6 A q and h G Hiq. Then the eigenvalues of A(m) are ±a~ 2a , a G £(Q), 
with multiplicities m^- 

(c) The operator norm of A(m) is given by ||A(m)|| p = -Rg ) i(m) 2 . 



Proof: (a) is an immediate consequence of ( ^.l| ) . Hence, for (b) we may assume 



that m = a € A q . It is easily seen that A(a)\ ± = ±a 2a I for a € S(Q). 



Finally, (c) is an immediate consequence of (b) and (3.6) with v = 1. □ 



Corollary 4.2 If fc G Ifg, a G A q , /i G Ilxg then 

S(kah)= Y[ (I - a- 2a ) m i (I + a- 2a ) m « . 

The set M[q is left Kq- and right Hiq -invariant, and open dense in Miq. 



Proof: This follows immediately from Lemma 4.1 combined with ( |4.2j ) and 

(U). □ 

We define the linear subspace t(g) of 6 by 6(g): = t (1 (ng + fig). Then the 
map (I + 9): X X + QX is a linear isomorphism from fig onto 6(g). 



Lemma 4.3 

(a) If m G Miq, then Ad(m _1 )6(Q) + fj C fig + f). 

(b) If m G M( Q , then Ad(m _1 )6(Q) © f) = fig + fj. 

Proof: (a) Since t(g) C fig + ng C fig + f), we have, for all m G Mig, 

Ad(m _1 )e(Q) c kd{m~ l ){n Q + ng) = fig + n Q c fig + \). 

(b) The dimension of Ad(m _1 ){(g) equals that of t(g), which in turn equals that 
of fig. Hence it suffices to prove, for m G M[q, that Ad(m _1 )6(g) n f) = 0. 

Let X G Ad(m- 1 )6(g) n f). Then 6>Ad(m)A = Ad(m)A and crX = X, and 
we see that (I - A(m))X = 0. If m G M' lQ then det(I - Ad(m)) = S(m) ^ 
and it follows that X = 0. □ 

From Lemma |4.3| (b) we see that for m G M[q we may define linear maps 
ij/(r7i) = *g(m) G Hom(fig,6(g)) and R{m) = -Rg(m) G Hom(ng,f)) by 

X = Ad(m _1 )*(m)X + R{m)X. (4.4) 
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Lemma 4.4 Let m G M[q, k G ifo and h G -ffig. Then 

V(kmh) = Ad(fc)o*(m)oAd(/i), 
R{km,h) = Ad(h- 1 )oR(m)oAd(h). 



Proof: This is an immediate consequence of (L4) combined with Lemma |4.3| (b). 

□ 



Lemma 4.5 Let m G M[q. Then 

*(m) o (7 — A(m)) 
#(m) o (7 - A(m)) 



(I + 0)c Ad(m), 
-(/ + ff)oA(m), 



Proof: From ( |4.l| ) it follows that 

I + a o A(m) = Ad^" 1 ) o (I + 9) o Ad(m). 

This implies in turn that 

I - A(m) = Ad(m" 1 ) □ (I + 9) □ Ad(m) - (I + a) o A(m). (4.5) 

Since 1 + 9 and I + cr map no into 6(Q) and f), respectively, the lemma follows 
from combining (4.5) with (4.4). □ 



Corollary 4.6 The functions^: M' 1Q — > Hom(nQ, 6(Q)) andR:M' lQ -> Hom(nQ,f)) 
are reai analytic. Moreover, the functions S and 5 R extend to real analytic 
functions on M\q. 



Proof: From (4.2) and (4.3) we see that I— A(m) is an invertible endomorphism 
of fiQ, for m G M[q. Since Ad(m) and A(m) dep end real analytically on m G 



Miq, all statements now follow from Lemma 4.5 



□ 



If R > 0, then in accordance with ([Tt]) we define 

M 1Q [R]:= {m G Miq | i? Q ,i(m) < i?}. 
Moreover, we set M Qa [R]:= M Qa n Mi Q [iJ]. 

Lemma 4.7 

(a) Miq[1] C M[q. 

(b) Let i?!,i? 2 > 0. Then M Qa [Ri] A+ q (R 2 ) C A/i Q [i?ii? 2 ]. 



< 1 by Lemma 4.1(c), and hence 



Proof: Let m G Miq[1]. Then ||A(m) 
5(ro) 7^ 0. This establishes (a). 

Assume that m G MQ a [Ri] and a G Ag q (i?2). Write m = kbh with k G i^Tg, 
6 G *AQ q and h G -Hiq. Then ma — k(ab)h, hence RQ\(ma) — max QeS (Q) a~ a b~' 
R2RQ,i(m) < RiR 2 - It follows that ma G Miq[R 1 R 2 \. □ 



< 
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Proposition 4.8 There exist unique real analytic functions Mq ct — > 

End(fiQ), for /i G NA r (Q), sucii that for every m £ A/q ct and every a £ 



f(ma) = (1 + 6>) , 
i?(ma) = (l + o-) 



jueNA r (Q) 



with absolutely convergent series. For every R > 1 the above series converge 
neatly on Aq^R^ 1 ) as A r (Q)-power series with coefficients in C°° {Mq„ [R], End(ng)). 

Proof: Let m E Mq ct and a £ Ag^ii^ifm) -1 ). It follows from Lemma |4.7| 
that ma £ Miq[1] C Hence $(ma) and R(ma) are defined. 

It follows from Lemma 4.1 that ||A(ma) || op < 1. Hence the series 

oo 

(I - Aimaj)- 1 = A{ma) n 

n=0 



converges absolutely. Let a 6 E r (Q). Then A(m) leaves the space g_ Q invariant, 
and A(ma)\ s _ a — a~ 2a A(m)\ B _ a . Hence, in view of Lemma 4.5, 



y{ma)\ B _ a = (I + 6)oAd(m)o ^ a '( 2,l+1 ) a A(m) n | 5 _ t 



71=0 



and 



R(ma)\ B _ a = —(I + a) o a 
It is now easy to complete the proof. 
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A{m) n \ a _ c 



n=l 



□ 



We denote by TZq the algebra of functions on M[q generated by the func- 
tions ^o^q, where £ £ Hom(fiQ, fi(Q))*, and by the functions ryoRg, where 
r\ £ Hom(fiQ, f))*. By TZq we denote the algebra of functions generated by 1 and 
TZ\. Note that TZX is an ideal in TZn. 



Corollary 4.9 The elements of TZq are left Kq- and right HiQ-Gnite functions 
on M[q. 

Let ip G TZq. There exists a k G N such that SqLP extends to a real an- 
alytic function on M\q. Moreover, there exist unique real analytic functions 
<P£ on MQ a , for £ G NA r (Q), such that for every m G Mq„ and every a G 
Aq^Rq^ui)- 1 ), 

ip(ma) = 2_. a~^(p£(m). (4-6) 

?GNA r (Q) 
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Let R > 1. Then the series (4.t) converges neatly on AQ q (R 1 ), as an exponen- 



tial polynomial series with coefficients in C°° {Mq [R]). 
Finally, if tp G Tl%, then (EO) holds with tp = 0. 



Proof: Uniqueness of the functions p^ is obvious. Therefore it suffices to 
prove existence and the remaining assertions. One readily checks that it suffices 
to prove the assertions for a collection of generators of the algebra TZq. Such 
a collection of generators is formed by the functions of the form p = £,o^, 
with £ G Hom(ng,4(0))*, and by the functions of the form p = t^oRq, where 
■q G Hom(nQ, f))*. For both types of generators all assertions follow immediately 



from Proposition 4.8. □ 



As is the previous section we assume that r is a smooth representation of K 
in a locally convex space V T . The space of continuous linear endomorphisms of 
V T is denoted by End(V T ). 

If an element u of the space 

£>iQ: = ft Q ®End(K)®C/(mi Q ) (4.7) 

is of the form <p ® L ® v, with p G TZq, L G End(V T ), and v G [/(ttiiq), then 
we define the differential operator on C co (M[q,V t ) by u*f — tpLo\R v f]\ 
here R denotes the right regular representation. The map u i— > u* extends 
to an injective linear map from T>\q to the space of smooth End(Vv)-valued 
differential operators of C co (M[q, V t ). We also define the subspace 

V+ Q : = K^® End(K) <g> U{m 1Q ). 

Via the map u t-> 1 ® I ® m we identify U(miQ) with a subspace of T>\q. Then 
w* = R u for it G J7(miq). 



Let Miq j+ be the preimage in Miq of the set Xiq i,+ (see below (3.5)). The 

set 

M{ Q)+ : = M 1Q ,+ n M{ Q 

is an open dense subset of Miq that is left Kq- and right iJiq-invariant. 

In view of the decomposition g = hq © (triig + f)), there exists, for every 
D 6 J7(fj), an element D G C/(mig) with deg(Do) < deg(D), such that 

D - D Q G n Q U( & ) + U(s)f). (4.8) 

The element Dq is uniquely determined modulo U(miQ)t)iQ. We recall from 
[^|, Sect. 2, see also j7j, p. 548-549, that the assignment D i— > £>o induces an 
algebra homomorphism /ig = v /1q:]B>(X) — » H)(Miq/Hiq), and that the homo- 

morphism ^ Q :D(X) -> B(M 1Q /H 1Q ), defined by /xq(D) = d Q o u' Q (D) o dg 1 
with dQ(m): = | det(Ad(m)| ng )| 1 / 2 for m G Miq, only depends on Q through 
the Levi component Miq. 
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Proposition 4.10 Let D £ D(X). There exists a u+ £ T^xq of degree deg(u+) < 
deg(D) such that, for every f £ C°°(X + : r), 

Df\ MiQ+ = W Q (D)+u + 4(f\ M , Q+ ). 
Proof: By induction on the degree we will first establish the following assertion 



for an element D of U(q). Let Do £ U(m\Q) satisfy (4.8). Then there exist 
finitely many ipi £ TZq, Ui £ U(t), and u,; £ f (ttiiq), for 1 < i < n, such that 
deg(iti) + deg(vi) < deg(D), and such that 

n 

D- D = Y^ <Pi{m) [Ad(m)~V] w» mod U(g% (4.9) 

4=1 

for every m £ -M|q. 

The assertion is trivially true for D constant. Thus, assume that D is not 
constant and that the assertion has been established for D of strictly smaller 
degree. Let D £ {/(mig) be as above. Then, modulo U(o)t), D — D n equals a 
finite sum of terms of the form XDi, with X £ Hq and D\ £ U(Hq © itiiq) such 
that degDi < degD. 

For m £ M[q + we have X = Ad(m) _1 \f'(m)X + Rq(to)X; hence 

IDi = (Ad(m) _1 *(m)J5:)£>i + [R Q (m)X, Dx] mod U(g)i). 

Now Ad(m)~ 1 ty(m)X is a finite sum of terms of the form (p(m)[Ad(m)~ 1 u\ 
with u £ t(Q) and <p £ TZq. Applying the induction hypothesis to D\ we see 
that \Ad(m)- 1 ^(m)X]D 1 may be expressed as a sum similar to the one on the 
right-hand side of ( f4.9| ). 

On the other hand, [TlQ(m)X,D\] is a finite sum of elements of the form 
ijj(m)D2, with tp £ TZq and D 2 £ U(g), degD 2 < degD. Applying the induction 
hypothesis to D2, we see that [Rg(m)X, Di] may also be expressed as a sum of 



the form (4.E). This establishes the assertion involving (L9) of the beginning 
of the proof. 

Let now D £ D(X). By abuse of notation we use the same symbol D for a 
representative of D in U(g) H , and let Dq be as above. Then /j,q(D) equals the 
canonical image of Dq in U(miQ) HlQ . Let (fi,Ui,Vi be as above and such that 
(fDj) holds. Then for every / £ C°°(X + : r) and all m £ M' 1Q + we have 

n 

Df(m) - fx Q (D)(f\ M , Q+ )(m) + J2vi(™) R Ad (m)~ 1 Ui 

i=l 

n 

= /"q(- D )(/|m{ q+ )M +^Lp l {m)T(u l )R v J{m) 

i=l 

where we have used that RAd(m)- 1 u i Rv i f \ m ) = Ln i R Vi f(m) — T(ui)R Vi f{m). 
Thus, we obtain the desired expression with u+ — Yh=i Pi ® T ( u i) ® w i- ^ 
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Let U C Mq g be an open subset. It will be convenient to be able to re- 
fer to a 'formal application' of elements of the space £>iq, defined in Q4.7| ), 
to T cp (AQ qi C°°(U, V T )), the space of (formal) A r (Q)-exponential polynomial 
series with coefficients in C°°(U, V T ), see the definition preceding Lemma |1.9| . 
There is a natural way to define a formal application that is compatible with 



the expansions of Corollary 4.9 and with the map u >— > it», defined in the text 



following (4.7). The motivation for th e fol lowing somewhat tedious chain of 



definitions will become clear in Lemma 4.11 



The product decomposition M\q ~ Mq ct x Aq^ induces a natural isomor- 
phism from U (vciiq) onto U (m.Q a ) <g) U (dQ q ), by which we shall identify. Accord- 
ingly we have a natural isomorphism 

V 1Q ~ °V 1Q ® U(a Qq ), (4.10) 

where °V\q: = TZq ® End(W) ® U(mQcr)- To each element ip £ TZq we may 
associate its A r (<5)-exponential polynomial series of the form ( |4.6| ); this induces 
a linear embedding TZq — > T cp (AQ q , C co (Mq (J )) which by identity on the other 
tensor components may be extended to a linear embedding 

°V 1Q ^^(A Qq ,V Qa ), 

where T>q a : = C°° (M o a ) g) End(V^) ® U (ttiq^). By identity on the second tensor 



component in ( 4.1C ) this embedding extends to a linear embedding 

ep: V 1Q ^T cp (A Qq ,V Q<T )®U(a Qq ). (4.11) 

The image ep(it) of an element u £ T>\q under this embedding will be called the 
A r (Q)-exponential polynomial expansion of u. Via the right regular action of 
U (triQo-) we may naturally identify T>Q a with the space of C^-differential opera- 
tors acting on C°°(MQ a , V T ). Accordingly we have a continuous bilinear pairing 
T^Qa x C°°(U, V T ) — ► C°°(U,V T ). This induces a formal application map from 
^ ep (A Qq ,V Qa ) 0^ c P(A Qq ,C°°(t/,K)) to T c P(A Qq ,C°°{U,V T )) in the fashion 



described above Lemma 1.10. The image of an element of the form u® f under 
this map will be denoted by uf. 

On the other hand, in Lemma |1.9| we described the formal application map 
U(a Qq ) ® T cp (A Qq , C°°(U, V T )) -> T cp {A Qq , C°°(?7, V T )). The image of an ele- 
ment of the form v (8> / under this map is denoted by vf. Combination of the 
above formal application maps leads to the formal application map 

[T cp (A Qq , V Qa ) ® U(a Qq )} ® T ap (A Qq , C°°(U, V T )) - T cp {A Qq , C°°(U, V T )), 

*iven by (u <8> v) ® / >-> (u ® v)f: = u(vf), for u £ F cp (A Qq , V q f ), v £ U (dQ q 



and / £ T cp {A Qq , C°°{U, V T )). Composing with the embedding ( |4.1lj ) we finally 
obtain the linear map 

V 1Q ® T cp (A Qq , C°°(U, V T )) -» ^ op (A Qq , C°°(U, V T )) 

given by u® / ^ u / : = ep(u)/, for u £ V 1Q and / £ F cp {A Qq , C°°(U, V T )). We 
shall call this map the formal application of T>\q to J- cp (AQ q , C°°(U, V T )). 
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Let now R > 1 and let U C MQ a [R) be an open subset. We use the obvious 
natural isomorphism to identify the space C ep (AQ (R -1 ), C°°(U, V T j) with a 
subspace of C°°(UAq (R -1 ), V T ). If U G 2?iq, then the associated differential 
operator it* induces a map from the first space into the latter. 

Lemma 4.11 Let u £ T>\q, let R > 1 and Jet U C Mg CT [i?] be an open subset. 
Then it* maps the space C ep (A^R- 1 ) , C°°(U, V T )) into itself. Moreover, if 
f belongs to that space, then the A r (Q)-exponential polynomial expansion of 
u*f is obtained from the formal application of u to the exponential polynomial 
expansion of f. 

Proof: This follows from retracing the definitions of w* and of the formal 



appl ication of u given above and applying Corollary |4.9| and Lemmas 1.9 and 



1.10. □ 



Given v G N K (a q ) we define n Q y.B(X) -» B(Xiq jV ) = B(M 1Q /M 1Q n 
vHv^ 1 ) by 

P>Q,v = Ad(v)o(l v -i Qv , 

where Ad(w): D(X lt ,-iQ„ e ) — > D(Xiq^) is induced by the restriction to U(mi v -iQ V ) 
of Ad(u) on U(q). Then /xq,„ depends on Q only through M\q. It is easily seen 
that 

MQ,« = ° Ad(u) (4.12) 

where /i v Q :B(X v ) = ^{G/vHv- 1 ) -> ©(Xi Q , u ) = P(Miq/Miq n vHv^ 1 ) is de- 
fined similarly as fj,Q, but with H replaced by vHv -1 , and where Ad(«):B(X) — > 
D(X„) is induced by Ad(w) on [/(g). 

Let M Qffl+ = MQ a n Miq,+ and, for i? > 1, A/ Q(J ,+ [i?] = Mq CT [i?] n A/iq,+ . 

Lemma 4.12 Let / G C cp (X+ : r) and Jet D £ D(X). Then D/ G C* cp (X+ : r). 

Let Q eVa and Jet u + e TZq ® End(l / T ) €5 [/(ttiiq) be associated with D as 
in Proposition 4.1C\ . Then the following holds. 



(a) The A r (Q)-exponential expansion of Df along (Q,e) is obtained by the 
formal application of /i'q(D) + u + to the A r (Q)-exponential polynomial 
expansion of f along (Q,e). 

(b) Let v £ N K (a q ), then Exp(Q, v | Df) C Exp(Q, v | /) - NA r (Q). 

(c) If £ is a leading exponent of f along (Q, v), then 

a (+PQ q^(Q,v | Df,loga,m) = [fj. QtV (D)(p](ma), (m G A/q ct .+ , a G A Qq ), 

(4.13) 

where the function ip: M\q^ + — > W is defined by<p(ma) = a^ +PQ q^(Q, v \ f, log a, m), 
for m G Mqcf.+ and a G ^Qq- 
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Proof: Let R > 1 and let / be the function A^R' 1 ) -> C 00 (M Qo ., + [i?], K) 
defined by f(a,m) = f(ma). It follows from the hypothesis on / and Theo- 
rem IU that~/(a, to) belongs to C cp (A+^R' 1 ) , C°°(Mq^ + [R], V r )). Moreover, 
its A r (<5)-exponential polynomial expansion coincides with the expansion of / 
along (<5, e). Put u = (j,'q(D) + u+. Then it follows from the previous lemma that 
u*/ belongs to C cp (Aq (i (R~ 1 ), C°°{MQ a ,+ [R\, V T )); its expansion is obtained 
from the formal application of u to the (Q, e)-expansion of /. It follows from 
Theorem [O] that the expansion is independent of R and that its coefficients 
are functions in C°°(MQ r7t+ , V T ). On the other hand, it follows from Proposition 



4.10 that u*/(a,m) = Df(ma). This implies that Df has a A r (<5)-exponential 
polynomial expansion along (Q, e) with coefficients in C 0O (Mq (7) +, V t ). Since Df 
is right ff-invariant, the coefficients are actually functions in C°°(XQ jej+ , V T ). 
Moreover, the expansion is independent of R and converges neatly on Ag q (i? _1 ) 
as an expansion with coefficients in C 0O (Xg ie ,+ [^?], ^r)- In particular this holds 
for every minimal parabolic subgroup Q; hence Df G C ep (X + : r). 

In the above we have established assertion (a) . It follows from this assertion 
that (b) holds with v = 1 for every Q £ P a . By Lemma [[1] it also holds for 
arbitrary Q G V a and v G iVR-(a q ). 

It remains to establish (c). Assume first that v = e. Fix £ G Exp L (Q, e | /). 
Then by (a), a^q^(Q,e \ Df,\oga,m) is the term with exponent £ in the series 
that arises from the formal application of /i'q(D) + u + to the (Q, e)-expansion of 
/. The exponents of the expansion ep(u+) of u + all belong to — [NA r (Q)] \ {0}. 
The application of u + therefore gives rise to an expansion with exponents in 
Exp(Q, e | /) — [NA r (Q)]\{0}. The latter set does not contain £, since £ is leading. 
Hence a^q^(Q, e | Df, log a, to) is the term with exponent £ in the expansion that 
arises from the formal application of fi'q(D) to the (Q, e)-expansion of /. Now 
Hq{D) g t/(mig) ~ U(m,Q a ) ®U(aQ q ) and we see that the formal application of 
(i'q(D) to the (Q,e) expansion of / is induced by term by term differentiation 
in the AQ q and the Mq„ variables. This implies that a^q^(Q, e | -D/, lo g a, to ) = 



[fiQ(D)<p'](ma), where ip'(ma) = a^q^(Q, e | /, loga, to). This implies ( 4.13 ) for 
v = e. 

Let no w v G AT^- (a q ) be arbitrary, and put f v — R v f. We shall apply the 
version of ( |4.13| ) just established to the expansion along (Q, e) of the function 
f v on X v . Let £ be a leading exponent of / along (Q,v), then it follows from 



Lemma 3.7 that £ is also a leading exponent of f along (Q,e). Moreover, let 



D G ©(X), then (Df) v = D v f v where D v : = Ad(v)D G D(X„). Hence 

a« + "><fe(Q,e| (£>/)«, log a, m) = [/i Q (£>>](m(z), (4.14) 



for to G Mq +, a G Aq^ where ip(ma) = a^ +PQ q^(Q, e | f v , loga, to). It follows 
from Lemma j3.7| tha t ip(m a) — a^ +PQ qt( Q, v | /, log a, to ), andg^(Q,e | (Df) v ) = 
q 6 {Q, v | Df). Now < $~Wj) follows from pT^ j and jtl^ . □ 



Lemma 4.13 Let P G P™ in and assume that / G C cp (X+ : r). Let S C a* be 



a finite set as in Lemma 2.2, and let D G B(X). Then Exp(P, u | Df) cS-NA 



35 



for every v £ -/Vft-(a q ) and, with notation as in Lemma 2.2, 

(Df) s =D(f s ). 



(4.15) 



Proof: It follows immediately from Lemma |4.12| (b) that Ex p(P, v \ Df) C S — 
NA and that Exp(P,v D(f s )) C s - NA for s € 5. Now follows from 

Lemma 2.2. □ 



5 Spherical eigenf unctions 

In this section we assume that (r, V^) is a finite dimensional continuous represen- 
tation of K. Let I be a cofinite ideal of the algebra ©(X). Then by C°°(X + : t : I) 
we denote the space of / £ C°° (X+ : r) satisfying the system of differential equa- 
tions 

Df = 0, (D£ I). 



Remark 5.1 Many results of [|| that are formulated for B(X)-finite T-spherical 
functions on X are actually valid for the bigger class of B(X)-finite functions 
in C°° (X+ : r) as well, since their proofs only involve behavior of functions and 
operators on X+. If such extended results are used in the text, we may give a 
reference to the present remark. 

Remark 5.2 Let v £ A^(a q ). We recall from the text preceding Lemma |3.7| 
that right translation by v induces a topological linear isomorphism R v from 
C°°(X+ : r) onto the space C°°(X„,+ : r). It maps the subspace of B(X)-fmite 
functions onto the subspace of B(X„)-finite functions. Thus, if f £ C°°(X+ : r) 
is a D(X)-finite function, then the theory of || may be applied to the B(X„)- 
finite function R v f; the results arc then easily reformulated in terms of the 
function /. 



Lemma 5.3 Let I C B(X) be a cofinite ideal. ThenC°°(X + : r: I) C C cp (X+ : r). 
In particular, the elements of C°° (X+ : t: I) are real analytic functions on X + . 
Moreover, there exists a finite set Xi C o* c such that Exp L (P, v | /) C Xj, for 
all f £ C°°(X + : t: I), P £ Vf n & nd « e N K (a q ). 

Proof: Let Q £ V™ ln . Applying Theorem 2.5 of ^|, see Remark ^.l[ we obtain 
that f\A^(Q) is given by a neatly converging A(Q)-exponential polynomial 
expansion for each / £ C°°(X+ : r : I). Moreover, by Theorem 2.4 of ||, there 
exists a finite set Xi t Q, e C a* c , such that Exp L ( f\A+(Q)) c Xi,Q >e . Let w £ W. 
Applying the above argument to R w f, cf. Remark pT2|, we see, more generally, 
that Tq w f is given by the same type of expansion with leading exponents in 
a finite set X lt Q tW C o* c independent of /. This implies that / £ C cp (X + : r), 
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with Exp L (P, v\f)cX r .= UQ !W X ItQtW> for all P G P™ in and v G W. Finally, 
if v G Nxiaq) is arbitrary, there exists w G W, m 6 Km and /i G ^VKnij(ciq) 
such that u = mwh, and then Exp L (P, v \ f) = Exp L (P, w | /) C Xi. □ 



Corollary 5.4 Let P G P™ n and Jet W C N K (a q ) be a complete set of 
representatives of W/Wkdh ■ Let I be a coEnite ideal in D(X) . T hen there 
exists a finite set S — Si satisfying the properties of Lemma for every 
/ G C°°(X + : t : I). Moreover, if Si is any such set, then f s 6 C*°°(X + : r : 7) 
for every / € C°°(X + : t : I) and all s £ Si. 



Proof: This is an immediate consequence of Lemmas 5.3 and 4.13. □ 



The set Xi in Lemma 5.3 can be described more explicitly if the ideal I 
has codimcnsion 1. Let b be a maximal abelian subspace of q containing a q , let 
S(b) be the restricted root system of b in g c , and let W(b) be the associated 
reflection group. 

Let 7 be the Harish-Chandra isomorphism from D(X) onto the algebra 1(b) 
of W(b)-invariants in 5(b), see Sect. 2. To an element v G b* we associate 
the character D i— > j(D : v) of E5(X) and denote its kernel by I„. Then I v is an 
ideal of codimension one in B(X); in fact, any codimension one ideal is of this 
form. 

Let Wo(b) be the normalizer of a q in VF(b). Then restriction to a q induces 
an epimorphism from W (b) onto W, cf. Q, Lemma 4.6. We put b^: = t> H 6. 
Then b = bk © a q - Moreover, this decomposition is invariant under Wo(b). 

Lemma 5.5 There exists a finite subset C = C T of b£ c with the following 
property. Let v G b* and f G C*°°(X + : r: I v ). Let P G V™ n ,v G N K (a q ) and 
assume that £ G Exp L (P, v\ f). Then 

v G W(b)(£ + £ + PP ). 

The proof is based on the following result, which will be proved first. 

Lemma 5.6 There exists a finite subset C = C T of b£ c with the following 
property. Let v G b* and <p G C co (Mi/Hm 1 ■ r), and assume that 

Hp(D)tp = j(D: v)<p 

for all D G D(X), where ^ P :©(X) B(M x /H Ml ) is as defined above Propo- 
sition 4.1C , with P G P" lln . Then <p\a is a linear combination of exponential 
polynomials of the form a i— » p(\og a)a wu , where p G P(a q ) and where w G W(b) 
satisfies wv\^ G C. 

Proof: The algebra B(M/H M ) acts semisimply on C°°(M/H M : t), see g, 
Lemma 4.8; let C be the (finite) set of A G b^ c such that the associated char- 
acter of H>(M / Hm) occurs. We may assume that tp is a joint eigenfunction for 
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B>(M/Hm), with eigenvalue character given by A G C. It follows that 



for T> G D(Mi/ff Ml ) - ©(M/Fm) ® ^Oq). Here 7Ml denotes the Harish- 
Chandra isomorphism from J}(Mi/Hm 1 ) into 5(b), defined as in [||, above 
cq. (2.11), and jm 1 {D : A + •) G 5 , (a q ) is considered as a differential opera- 
tor on A q . Combining this identity with the assumption on ip, the identity 
7Mi (J>p — 7, and the surjectivity of y:B(X) — > S'(b) w/ ( f '' ) , it follows that 

U (A+ OC^Uq) = "(^Uq 

for all u G S(b) w W.Let0 € C°°(b) be defined by <p(X+Y) = e A ( x *><p(expY) for 
X G bk, V G ciq, then wy> = u{v)(p. This implies that <^ is a linear combination 
of exponential polynomials of the form pe wv , where p G -P(b) and w G W(b), 
see p7|, Thm. III. 3. 13. However, from the definition of (j3 it is readily seen that 
w only contributes if fw|b k = A. □ 



Proof of Lemma 5.5: We define the TM-spherical function ip:M±/Mi (~1 
vHv- 1 ~ M/M n vHv^x A q -► K r by 



(f(ma) — a PF+ ^q^(P,v | /)(loga,m). 



Then it follows from the equation £>/ = 7(D : i/)/ and Lemma 4.12 (c) applied 
to D — j(D : v) in place of D, that 

fiP >v (D)ip = j(D : v)ip. 

Since ip is r-spherical and non-zero, its restriction to A q does not vanish. 



Let first v = e, and let C be as in Lemma 5.6. It then follows immediately 
from that lemma that there exists w G W^(b) such that ty^|b k G C and iw| a = 

t + PP- q 

For general v G ./VR-(a q ) we also obtain the result from Lemma p.q , by 
applying it to the function p v : = p T V -iip. Indeed, it follows from the definition of 
Hp :V that p v satisfies the assumption of the lemma. Hence there exists w G W(b) 
such that wv\b k G C and wu\ aq = w _1 (^ + pp). Let v' G Wo(b) be such that 
v'Y = vY for all Y G a q , then i/ G {v'w^iv'C + £ + p P ). □ 



We will also need a result on leading coefficients along non-minimal parabolic 
subgroups. 



Lemma 5.7 Let f G C* cp (X + : t) be a D(X)-finite function. Let Q &P a , v G 
ATjf (a q ) and assume that £ G Exp L (Q, t> | /). Then the function <p: Xiq.„.+ — > Vv 
dehned by 

tp(ma) = a i+PQ qt:(Q,v | /, log a, m) (m G Xq,„ >+ , a G ig q ), 
is B(XiQ.„)-fmite. 
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Proof: Let I be the annihilator of / in the algebra D(X). Then it follows from 
Lemma 4.12 (c) that HQ iV (D)cp = for all D G I. The algebra H)(KiQ tV ) is a 
finite module over the image of the homorphism (j,q^ v ; see [pj, p. 342, and apply 
conjugation by v. Hence hq iV (I) generates a cofinite ideal in O(Xiq^). This 
establishes the result. □ 



We end this section with a result that limits the asymptotic exponents oc- 
curring in discrete series representations to a countable set. Later we will apply 
this result to ex clude the possibility of a 'continuum of discrete series' (see the 
proof of Lemma |9.13 ) . 



To formulate the result we need to define asymptotic exponents for a in- 
finite rather than a r-spherical function. We denote by K the collection of 
equivalence classes of irreducible continuous representations of K. If $ C K 
is a finite subset, then by C°°(X + )^ we denote the space of smooth if -finite 
functions in C°°(X + ) all of whose if-types belong to d. By V&:= C(K)^ we 
denote the space of left if-finite continuous functions on K all of whose left K- 
types belong to -d. Moreover, by t$ we denote the restriction of the right regular 
representation to If / G C°°(X + )^, then the function ?#(/): X — > V$, defined 
by &(f)(x)(k) = f(kx) for ieX + ,fceif belongs to C*°°(X + : 73). The map 
= is a topological linear isomorphism from C°°(X + )^ onto C°°(X + : r$), 
intertwining the D(X)-actions on these spaces. Moreover, q maps the closed 
subspace C°°(X)^ of globally defined smooth functions onto the similar subspace 
C°°(X: 7-0). We denote by C* ep (X+),? the preimage of C op (X+ : tq) under 



It follows from Lemma 5.3 that D(X)-finite funcitons in C°°(X + )^ belong to 
C cp (X+V Let / G C* ep (X+),,; then for P eV a and v G A^(a q ) we define the 
set of exponents of / along (P, v) by 

Ebq>(P,«|/): = Exp(P,«|c(/)). 

Note that this collection is the union for k G K and m G Xp )t) ,4- of the collections 
of exponents occurring in the A(P)-exponential polynomial expansions of a h> 
f(kamv). 

Let C(X) denote the space of Schwartz functions on X, see |J, Section 6, and 
let A2(X)k denote the space of if-finite and B(X)-nnite functions / G C(X). 
These functions are real analytic and belong to L 2 (X), cf. H, Thm. 7.3. 



Lemma 5.8 Assume that the center of G is compact. Then 

U G Exp(P, v\ /) I P G Vf n , v G N K (a q ), f G A 2 (X) K } 
is a countable subset of a* c . 

Proof: Let X^ denote the set of equivalence classes of discrete series representa- 
tions of the symmetric space X. This set is countable, since £ 2 (X) is a separable 
Hilbert space. Given u> G X^ we denote by L 2 (X) W the collection of functions 
/ G L 2 (X) whose closed G-span in L 2 (X) is equivalent to a finite direct sum of 
copies of uj. Let K denote the countable set of equivalence classes of irreducible 
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representations of K. Given uj 6 and 5 G K, we denote by L 2 (X) W ^ the 
collection of if- finite elements of type 5 in L 2 (X) W . It follows from ||, Thm. 
7.3, that L 2 (X) Wi 5 is a subspace of A2(X)k , and from j^], Lemma 3.9, that this 
subspace is finite dimensional. On the other hand, let / G ^(X)^, and let 

V C L 2 (X) denote the closed G-span of /. It follows from 0, Lemma 3.9, that 

V is admissible. Since V is finitely generated, it must then be a finite direct 
sum of irreducible representations. This implies that / belongs to a finite direct 
sum of spaces L 2 (X) Uy $. From the above we conclude that A2OQK equals the 
following countable algebraic direct sum: 

MX)K = ® ue5tdtSeR L 2 (X)^ 5 . (5.1) 



Let uo G Xd and S G K. Then it follows from Lemma 5.3 and the finite di- 
mensionality of L 2 (X) W)( 5 that there exists a countable subset £uj,8 C o* c such 
that 

Exp(P, v I /) C £ w ,s 

for all / G L 2 (X) W:(5 ,P G V™ in ,v G N K (a q ). Combining this observation with 
(fTl|), we obtain the desired result. □ 



6 Separation of exponents 

Let Q G "Pa. In the next section we shall consider functions f\ G G cp (X+ : t), 
with parameter A G Og qc , whose exponents along P G P™ 11 lie in sets of the 
form WX + S — NA(P), where S C o* c is a finite set. In general, given £ G 
WA + 5 - NA(P), the elements s G VF/I^q and 77 G 5 - NA(P), such that 
£ = sA + 7/, are not unique. In the present section we define a condition on A 
that allows this unique determination for all £. In particular, the condition is 
valid for generic A G ag qc . We consider also the case where P is non- minimal. 
Let P,Q G P<t. We define the equivalence relation ~p|q on W by 

s~ P | Q t VXea* Qq : sA| 0fJq = tA| apq . (6.1) 

The associated quotient is denoted by W/ ~p|q ■ We note that the classes in 
W/ ^p\q are left Wp- and right Wq -invariant. Thus, W/ ^p\q may also be 
viewed as a quotient of Wp\W/Wq. 

If s,t G W then one readily sees that s ^p\q t <^=> ,s _1 ^q\p Hence 
the anti-automorphism s i—> s _1 of factors to a bijection from IV/ ~p|q onto 
W/ ~Qip, which we denote by cr i—» <r . 

If s G W and A G ag qc , then the restriction sA| 0pq depends on s through its 
class [s] in W/ ^p\q ■ We therefore agree to write 

[ s Wap q : = sA| apq . 



40 



Definition 6.1 For S C o* c a Unite subset, we define ag° qc (P, S) to be the 
subset of ag qc consisting of elements A such that, for all Si,s 2 G W, 

( S iA-s 2 A)| apq e [S+(-S)}\ apc[ +ZA r (P) Si-pigsa. 

Lemma 6.2 Let S 1 C a* c be finite. Then, for A G cig qc , 

^A| 0Pq + (5-NA(P))| 0pq = |J (aA| 0Pq + (S-NA(P))| 0Pq ). 

a£W/~ PlQ 

Moreover, the union is disjoint if and only if A G ag qc (P, S). 

Proof: Straightforward. □ 

Lemma 6.3 Let Q,P G P<j, and let S be a finite subset of a* c . Then ag qc (P, S) 
equals the complement of the union of a locally finite collection of proper afhnc 
subspaces in cig qc . 

Proof: Let p: o* c — > a* Pqc denote the map induced by restriction to ap q . Let 
II be the complement of the diagonal in the set W/ ~p\q xW/ ^p\q ■ Then 
for every <r = (<ti, 02) G II and every rj G ap qc we write A a ^ = {A G ag qc 
p{ai\ — (72 A) = 77}. Note that Ar,o is a proper affine subspace of Og qc . If A G A a , v 
then ^Icr^ equals A + .A^o! hence the set A a ^ is either empty or a proper affine 
subspace. 

Let A be the collection of subsets of the form A a ^, for a G LT and £ G 
p(S' + (-S*)) + ZA r (P). Then Og° qc (P, S) equals the complement of UA in a* Qqc . 
Thus, it remains to show that the collection A is locally finite. 

Let C be a compact subset of cig qc and let X be the collection of £ G p(S + 
(-5)) + ZA r (P) such that CnA a ^ ^ for some a G LI. Then it suffices to show 
that X is finite. 

Let C G ap qc be the image of II x C under the map (a, A) 1— > p(eriA — cr 2 A). 
Then X equals the intersection of C with p(S" + (-5)) + ZA r (P). The latter 
set is discrete since S is finite, whereas the elements of A r (P) are linearly 
independent. It follows that X is finite. □ 



Remark 6.4 In particular, it follows from the above lemma that ag qc (P, S) is 
a full open subset of ag qc ; see Appendix B for the notion of full. 

Lemma 6.5 Let Q,P G V a - If either ag q or ap q has codimension at most 1 in 
dq, then the natural projection Wp\W /Wq —> W/ ^p\q is a bijection. 

Proof: It suffices to prove injectivity of the map. Since s 1— ► s _1 induces a 
bijection from Wj ^p\q onto Wj ~q|p, it suffices to prove this when ap q has 
codimension at most 1. We assume the latter to hold. 
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For s G W, let [s] denote its canonical image in W/ ~p\q ■ Assume that 
s,t G W and that [s] = [t]. Then for every A G cig q we have sX = tX on ap q . 
If ap q = a q , this implies that s = t on dg q , hence sWq = tWQ, and since Wp 
is trivial in this case, the proof is finished. Thus, we may as well assume that 
ap q has codimension 1. Then there exists a root a S £ such that ap q = kera. 
Note that Wp = {l,s a }. For every A 6 dg q the Weyl group images sX and iA 
have equal length in a* and equal image under the orthogonal projection to a 1 - . 
Hence there exists a constant 7/ 6 {0,1} such that (sX , a) = ( — l)''(tA, a) for 
all A G a Qq . It follows that sX = s^tX for all A G a Qq ; hence sWq = s^W/q, 
from which it follows in turn that s and t have the same image in Wp\W /Wq. 
□ 

In particular, if P is minimal, then the natural map W/Wq — > Wj ~p|q is 
a bijection; we shall use it to identify the sets involved. 

7 Analytic families of spherical functions 

In this section we assume that (r, V T ) is a finite dimensional continuous repre- 
sentation of K. Let Q eV a and let Y be a finite subset of *dg qc , see fl3.4|). 

In the following definition we introduce a space of analytic families of r- 
spherical functions that will play a crucial role in the rest of this paper. 

Definition 7.1 Let Q,Y be as above and let f2 C ciQ qc be an open subset. We 
define 

C c Q p Y (X + :r:n) (7.1) 

to be the space of C°° -functions f:flx X + — > V T satisfying the following condi- 
tions. 

(a) For every A £ the function fy. x 1— > /(A, a;) belongs to C°°(X + : r). 

(b) There exists a constant k G N, and, for every P G P™ 111 and w £ -/Vft-(a q ), 
a collection of functions q s ,z(P, v\ f) £ Pfc(a q ) (g> C°°(X ^ : tm)), -for 
s G WVW-q and £ G -sWqY + NA(P), with the following property. For 
all A G il, to G Xo )tJ and a G A+(P), 

A(ma«)= ^ a^ pp ^ o- c ?., e (P,t;|/,logo)(A,m), 

sGW/Wq £e-sW Q Y+NA(P) 

(7.2) 

where the A(P) -exponential polynomial series with coefficients in V T is 
neatly convergent on (P) . 

(c) For every P G P" lin , u G iVR:(o q ) and s G W/Wq, the series 

^2 aT e q ai t(P,v\f, logo) 

4e-sW Q y+NA(P) 
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converges neatly on A+(P) as a A(P)-exponential polynomial series with 
coefficients in 0(Q, C°°(Xo jV : r M )). 

If f G Cq Y 0^+ ■ t: Q), we define the asymptotic degree of f, denoted deg a /, 
to be the smallest number k s N for which the above condition (b ) is fulhlled. 



Remark 7.2 We note that the space (7.1) depends on Q through its cr-split 
component Aq^. Moreover, from Lemma |3.6| we see that in the above definition 
it suffices to require (b) and (c) for a fixed given P G P™ m and for each v in 
a given set W C A^(a q ) of representatives for W/Wkhh- Alternatively, by the 
same lemma it suffices to require (b) and (c) for a fixed given v G iVjf (dq) and 
arbitrary P G V™ h \ 



Lemma 7.3 Let f G C C ^ Y {X + :t:Q). Then f x e C cp (X + : r) and 
Exp(P, v\f x )c W(X + Y)- PP - NA(P) 



(7.3) 



for all X G fl, P G Pf n , and v £ N K {a q ). Moreover, let Q': = n a£ qc (P, WY) 



(see Definition 6.1). Then £1' is open dense in Q and 

q,,t (P, v | /, X, X) =q sX - PP -i (P, v \ f x ,X) 



(7.4) 



for every s G W/Wq, £ G -sWqY + NA(P), Iea q and A G Q'. In particular, 
the functions q s ^(P,v \ f) are uniquely determined. 



Proof: The first statement and (7.3) follow immediately from co ndit ion (b) 
in the above definition. The set fl' is open dense in f2 by Lemma 6.3, and it 
follows from Lemmas |6.2| and 6.5 that if A G O' then the sets s(A + WqY) — 
Pp — NA(P), s G W/Wq, are mutually disjoint. Then (7.4) holds by uniqueness 
of asymptotics. □ 

The following result shows that an element of Cg P y (X+: r: fi) may be 
viewed as an analytic family of spherical functions. 

Lemma 7.4 Let f G Cg P y (X + : r : f2). Then X ^ fx is a holomorphic function 
on fi with values in C°°(X + : r). 

Proof: Let W C iV^-(a q ) be a complete set of representatives for W/Wkdh- 



Note that for v £ W the y/^^ -valued function T^/a on yl+(P) is 
given by the series on the right-hand side of (7.2) with m — e. It follows 
from condition (c) of Definition 7.1 that a Tp v fx(a) defines a smooth func- 
tion on A+(P) with values in 0(0) ® y^M ^^ 1 . According to Appendix A, 
the function A i— > Tp v f\(-) is a holomorphic function on with values in 
C tx} (A+(P),y T KMni,fll '~ 1 ). Hence A i-v T l pw {fx) is a holomorphic function on 

fi with values in C°°(A+(P), © t , eW K r KMnt,ff,;_1 ). The conclusion of the lemma 
now follows by application of the isomorphism (|2.8|). □ 
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If O' , O are open subsets of a* c with fi' C f2, then restriction from £1 x X + 
to f2' x X + obviously induces a linear map 

p%,:C% Y (X + : r : SI) - C^ r (X + : r : Q'). (7.5) 

Accordingly, the assignment 

fi^Cg P y (X + :T:0), (7.6) 



defines a presheaf of complex linear spaces on dg qc . Here we agree that ( |7.6[ ) 
assigns the trivial space to the empty set. 

The following lemma will be useful at a later stage. 

Lemma 7.5 Let Q e V a and Y C *ciQ qc a finite subset. 

(a) If £7' , are open subsets of 0-q qC with fl' 0, connected and fi' C 
f2, then the restriction map (|7.5t ) is injective. Moreover, deg a (p^,/) = 
deg a (/) for ail /eC^(X + :r: ft). 



(b) The presheaf (7.C) is a sheaf. 



Proof: The inject ivit y of the restriction map follows by analytic continuation, 
in view of Lemma Let /' = pgf. Let P e V£ in , v € N K (c^), s £ W/W Q 



and £ <E -sW Q X + NA(P) then it follows from (^J) that 



<?^(P,u|/', - ,A) = 9 a ,£(P,t;|/, - ,A) (7.7) 

for A in a dense open subset of ST, hence for all A S ft'. In particular this 
implies that the polynomial degree of the function on the left-hand side of 
the equation is bounded by deg a (/); hence deg a (/') < deg a (/). To prove the 



converse inequality, we note that the polynomial on the left-hand side of (7.7) is 
of degree at most k': — deg a (/') by the definition of the latter number. Since fl 
is connected, it follows by analytic continuation that degq s ^(P, v\f, • , A) < k' 
for all A 6 O. Since this holds for all P, v, a, £, it follows that deg a (/) < k! and 
we obtain (a). 

Assertion (b) is equivalent with the assertion that the presheaf satisfies the 



localization property (see 31 , p. 9). This is established in a straightforward 



manner, by using (a). □ 

We shall now discuss the action of invariant differential operators on families. 
If / is a family in Cg P y(X + : r : fi), and D G ID>(X), then we define the family 
Df: n x X+ -> V T by ' 

(Df) x = D(f x ), (A e 0). (7.8) 
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Proposition 7.6 Let f G C"^ Y (X + : t: Q). Then, for every D G D(X), the 
family Df belongs to Cg P y (X + : r : fi); moreover, deg a (Df) < deg a (/). 

Proof: Let D G D(X). Then 5 = Df is a smooth function f!xX+->7 T ; 
moreover, for A G O the f unct ion {Dg)\ = Df\ is r-spherical. Thus, g satisfies 
condition (a) of De finit ion [7. l| and it remains to establish properties (b) and (c). 



In view of Remark |7.2| it suffices to do this for v — e and arbitrary P G P™ 
Let k: = degj. 



It follows from condition (b) of Definition 7.1 that, for A € f2, the function 



/a belongs to C cp (X + : r); moreover, its (P, e)-expansion is given by 

h(ma)= Yl a ' SX ~ PP E a-«g s , 4 (P, e |/,loga)(A,m), (7.9) 

seW/Wq ££-sW Q Y+NA(P) 

for a G ^4q(P) and m G M. Let n: = f/p (D) + u + be the element of £>ip 
associated with Z? as in Proposition i ,10| with P in place of Q. In view of 



Corollary |4.9| its expansion ep(tt), defined as in (4.11), is the sum, as i ranges 
over a finite index set /, of series of the form 

Here ipi tl/ G C°°(M (T ), Sj,^ G End(Vv), G P(m CT ) and Vi V G P(a q ), and 



deg(-Ui^) 4- deg(vi^) < d: = deg(D) for all i, v. By Lemma 4.12, the function g\ 
belongs to C cp (X + : r), for A G fl, and its (P, e) expansion results from ( |7.9| ) by 
the formal application of the element ep(u). This gives, for A G fi, to G M and 
a G j4+(P), the neatly converging exponential polynomial expansion 

gx{ma)= ^ a sX -P p ^ o-"«,,,(logo)(A,m), 

sew/Wg ?;e-sWQy+NA(P) 

where g Sj?? is given by the following finite sum 

<Pi,i/(m)Si,„[ q s ,t(P, e\f,X; T sX - PP -^(vi^), A, m; u i; „) ], 

igl »eiiA(p) 

for A £ O, X 6 o q and m G M. Here we have used Harish-Chandra's convention 
to indicate by a semicolon on the left or right-hand side of a Lie group variable 
the differentiation on the corresponding side, with respect to that variable, by 
elements of the appropriate universal enveloping algebra. Moreover, given 7 G 
a* c we have denoted by T 7 the automorphism of U(a q ) determined by T^{X) = 
X~-\- j(X) for X G o q . 

From the above formula it readily follows that q s ^{X, A) is a smooth function 
of (X, A) with values in C°°(M, V T ); moreover, it is polynomial in X of degree 
at most k and holomorphic in A G 57. This establishes condition (b) of Definition 
[7.l| with v = e, arbitrary P G P™ m , and with 

q a>v (P, e = q s>v , (s G W/W Q , r, G -sW Q Y + NA(P)). 
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For condition (c) we note that the series 



Y a v Qs^(P:e\g,\oga) 

r]e-sW Q Y+NA(P) 



arises from the series 



Y a *Qs,t(P,e\f, logo) 

ie-sW Q Y+ttA(P) 



(7.10) 



(7.11) 



by the formal application of ep(u) conjugated with multiplication by a sX +P p . 
From this we see that ( ffTTot ) arises from ( |7.11| ) by the formal application of the 
series 

a~ v Y. <Pi >v <8> S itl/ ® Uj >v <g> Vj, v (\), 

^GNA(P) iel 

with Vi )U (X) = T s x- pp (Vi lV ). We now observe that A ^ T s\- P p\u d (a Q ^ is a 
polynomial End([/d(ciQq))-valued function, of degree at most d. Hence there 
exists a finite set J and elements pj G Pd(&Qq) anc ^ e End(E/d(a<2 q )), for 
j G J, such that 

Let Bi jV j be the continuous endomorphism of 0(Q, C°°(M (T , V T )) defined by 

Bi,v,ji/j(X)(m) = PjW<Pi,v{m)Si >v [i}(X)(m-,iM tV )]. 
Then the series ( 7. 10] ) arises from the formal application of the series 

Y aT v Y B i,v,j ® T i( v i,») 

v£NA(P) *el 



with coefficients in End((9(f2, C°°(M a , V T ))) ® U{a Qq ) to ( |7.1l| ), viewed as a 
series with coefficients in G(Cl, C°°(M a , V T )). It follows from Lemmas 1.9 and 



1.10 that the resulting series is neatly convergent as a series on A+(P) with 



coefficients in 0(Q, C°°(M cr , V T )). This establishes (c) with v — e and arbitrary 
P G PT n . □ 



We will now describe the asymptotic behavior along walls for a family. If 
P,Q G T^cr and a G W/ ^p\q (see ( |6.lD ), then for every subset Y C a* c we put 

a -Y:= {sr,\ apci \ s G W, [s] = a, r, G Y}. (7.12) 



Theorem 7.7 (Behavior along the walls). Let Q G 7^, fi C flg qc a non-empty 
open subset and Y C *dQ qc a finite subset. Let f G Cg P y (X + : t: fi) and Jet 
fc = deg a (/). 
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Let P G V a and v G N K {a q ). Then Exp(P,i; fx) C W{\ + r)| apq - p P - 
NA r (P) for every A € f2. Moreover, there exist unique functions 

q^(P, v | /) G P fe (a Pq ) ® C(n, C"(X Plfli+ : T P )), 

for ex G W/ ^p\q and £ G — cr • F 4- NA r (P), with the following property. For all 
AgU, m G Xp, v ,+ and a G A£ (iZp )t ,(m) _1 ), 

A(ma«) = ^ a CTA -"- ^ a-«g CT>s (P,«|/ ! loga)(A,m), 

(7.13) 

where tie A r (P) -exponential polynomial series with coefficients in V T is neatly 
convergent on A£ (Pp lW (m) _1 ). In particular, if A G fi': = n aig qc (P, WY) 
then 

<^(P, w | A) = <7<TA| apq - Pf .-e(P^ /a, A:), (7.14) 

for X G ap q . 

Finally, for each a G W/ ~p\q and every R > 1, tie series 

a^q^(P,v\f, log a) (7.15) 

?e-er-Y+NA r (P) 

converges neatly on Ap q (P _1 ) as a A r (P) -exponential polynomial series with 
coefficients in 0(0, C°°(Xp^ + [P] : r P )). 

Proof: Let P G P CT and let u G rV/f (o q ). Fix a minimal parabolic subgroup 
Pi G P" lm , contained in P. Fix a set Wp )t) C -/Vif p (a q ) of representatives for 
Wp/Wp n vWnnHV^ 1 ■ Then the natural map iV"ir(a q ) — > W induces an em- 
bedding >Vp„u W/WxnH- Therefore, we may fix a set W C iVjf(aq) of 
representatives for W/Wkdh containing Wp,„«. 

Fix Agfi for the moment. Then by Lemma [7.3[ , the function f\ belongs to 
C c p(X+ : r), and Exp(Pi, w | / A ) C W(A + Y) - p Pl - NA(P X ), for every w G 
AT«-(a q ). According to Theorem |3.5|, for every u G Wp lU; the set Exp(P, v \ fx) p llU 
is contained in Exp(Pi, | /A)|o Pq - Hence, by of (3.20) with P and Pi in place 
of Q and P, respectively, we infer that 

Ex P (P,<;|/a) C [W(X + Y)-p Pl -NA(Pi)]| 8Pq 

= W(\ + Y)\ apci -p P -NA r (P). (7.16) 

Notice that ( 7.14 ) is a consequence of ( [7.13 ) , by Lemma |6.2| . Therefore the 
functions q a ^(P, v | /) ar e unique. We will now establish their existence. 

It follows form ( 7.16 ) that the elements of Exp(P, v \ fx) are all of the form 
&Ma Pci — Pp — £, with a G W/ ~ p \q and £ G -(T-F + NA r (P). Fix such elements 
cr and £. Then by transitivity of asymptotics, cf. Theorem 3.5, we have, for 
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G W P . V , X € a Pq , m G M and b G *A£ (*P X ), that 



-^(-P^l fx,X,mbu) 



E 



& c g c (Pi, I /a, X + log 6, m), 



CeB»pt-Pi.«» I /a) 

Cla Pq =°--Ma Pq -pp-e 



(7.17) 



where the Ap(Pi)-exponential polynomial series in the variable b converges 
neatly on *Ap (*Pi). It follows from condition (b) in Definition 7T that, for 

CeEx P (P 1;UV |/ A ), 



q c (Pi, uv \fx,X + log 6, to) 



E 



g s ,A» (Pi , ™ | /, X + log 6) (A, to) . 



i j.€-sWqY+H&(P 1 ) 
sX—pp — /*=C 



(7.18) 



Now assume that A is contained in the full (cf. Lemma |6^ ) subset £1' of SI. Then, 
ifs G VKand^i <E -sW r Q r+NA(Pi) satisfy [sA-p^ -/x] | 0Pq = crA| nPn -Pp- €, it 
follows that [s] = a and /u| 0pq = £, see Lemma fhS. Hence, combining ( 7.17 ) and 
( [7.18D we infer that for A £ !!', u 6 W Pi „, AT G a Pq , to G M and 6 G *A+ q (*Pi), 

<7<TA| 0pq - Pf .-c(P« I f\,X,mbu) = 

= bsX ~ PPl E 6-"«. l/ ,(i\,w|/,JT + log6,A)(T^.19) 



M=<* 



fic,p q =e 



It will be seen below that each inner sum in (7.19) converges neatly, so that the 
separation of terms by the outer sum is justified. This formula will guide us 
towards the definition of the functions ^.^(P, v | /). 

In the following we assume that s G W/Wq and [s] — a. For w G W we 
define the function F BtW : A+(Pi) xfl^ ^nrf^- 1 by 

F BtW (a,X)= a _ %,/i(-Pi)"'l/,loga,A)(e), 

Me-sW Q F+NA(Pi) 

for a G A+(Pi), Aell. 

The representation f : = 1 ® r of K on the complete locally convex space 
0(fi) (8 K- is smooth. We shall apply the results of Section [| with f in place 
of t. The series defining F s>w is a A(Pi)-exponential poly nomial series with 
coefficients in 0(Q) <g> V^-. By condition (c) of Definition |7.l| it converges neatly 
on ^4+(Pi); hence F S:W may be viewed as an element of C ep (A+ (Pi), [0(H) <g> 
y^K M nwHw 1 y j n v j ew f the isomorphism (2.9), there exists a unique function 
F s G C°p(X + : f) such that M (P s )(a) = F s (aw) = F StW (a), for w G W 
and a G ^4+ (Pi). From the definition of F s it follows that Exp(Pi,w|P s ) C 
sWqY — NA(Pi), for every w G W. Moreover, for every w G W and every 
/x G — sWqY + NA(Pi), 



g_^(Pi , w | F„ X, to) (A) = qs^Px , w | /, X) (A, to), 



(7.20) 
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for X G ap q , to G Xq.u, and A G O. By transitivity of asymptotics, cf. Theorem 
3j| applied to F s , we have that Exp(P, v\F a ) PltU C er ■ Y - NA r (P), for u G 
Wp,». Moreover, by the same result it follows that, for £ G — a ■ Y + NA r (P), 



g_ e (P,v|F a )(jr, to&w) 



E 



6 > x q^ ll (P 1 ,uv\F s ,X + \ogb,m), 



I»€-"WqY+NA(J^) 
/»lep„ =5 



(7.21) 



where the series on the right-hand side converges neatly as a Ap(Pi)-exponential 
polynomial series in the variable b G *Ap q (*Pi), with coefficients in C°°(Xo jUt , : tm). 
In particular, the asserted convergence of ( ffj9| ) follows. 

Substituting (7.2C) in the right-hand side of ( 7.1£| ) and using (7.21) we find, 
for A G SI', that 



9<tA| 



-pp—i 



(P,v\f x ,X,mbu) 



b sX -^q^(P 7 v\F s )(X 7 mbu)(X). 

(7.22) 



sew/ w 
[«]=«, 



We are now ready to define the functions q a ^{P, v | /). 

Let 1 denote the trivial representation of X in C, and 1 P its restriction to 
If s G WyWQ, we define the function tp s G C(a^ qc , C°°(X P<Vi+ : 1 P )) by 



y s (A, &6u) = 6 



(7.23) 



for A G ag qc , it G Wp >t) , fe G K P and 6 G *Ap q (*Pi). Moreover, for a G W/ ~p\q 
and £ G —a ■ Y + NA r (P) we define the function q a ^(P, v | /): a Pq x O — > 
C ,00 (Xp,„ >+ :r F )by 

<Z^(P, W |/,X,A)(to) = £ ¥ > a (A,m)g_ e (P,«|F.,X,m)(A), (7.24) 

[«]= ff 

for X G ap q , A G and to G Xp„ j+ . 

If 1 < R < oo, then the locally convex space C°°(Xp^ i+ [P], 0(0) ® K) 
is naturally isomorphic with 0(0, C°°(Xp !t , i+ [P], V^)), see Appendix A. The 
isomorphism induces in turn a natural isomorphism of locally convex spaces 



C°°(Xp iVi+ [R] : f P )) ~ O(0,C°°(Xp^ + [P] : r P )). 



(7.25) 



In particular, for R = oo, we obtain that C°° (Xp / t ,, + : fp) is naturally isomor- 
phic with 0(0, C°°(Xp )V)+ : T P )). Thus, from (f^) we deduce that q^(P, v \ f) 
is an element o f Pfc( ap q ) <g> 0(0, C°°(X p„, + : Tp)). 

Combining ( |7.22| ), ([7.23[ ) and ( f7.24|) we infer that ( |7.14| ) holds for X G a Pq , 
A G O'. On the other hand, if A G O', then it follows from (3.9) with P and fx 
in place of Q and /, that, for R > 1, to G Xp iVi+ [P] and a G Ap q (P _1 ), 



f\(mav) = ^2 



o\-p P 



E 



<reW/~p|g 



?e-(T-y+NA r (p) 



9 CT A|„ Pq - P p-c(P,w I /a, log o)(m), 

(7.26) 
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where the series converges neatly on Ap q (i? _1 ), as a A r (P)-exponential poly- 
nomial series with coefficients in V T (use ( 7.16| ) and Lemma |6.2| ) . Substituting 
( |7.14| ) in ( |7.26[ ) we obtain the identity Q7T3j ) for A G fi', m G X P)Vi+ [R] and 



a G Ap q (R i ), with the convergence as asserted 



Thus, it remains to show that the identity (7.13) extends to all A G SI and 
that the final assertion of the theorem holds. We will first establish the final 
assertion. 

It follows from Theorem |3.5| that the series 



E 



t(P,v\F s ,loga) 



(7.27) 



££-sW Q Y\ ap +NA r (P) 



converges neatly on A^ q (R 1 ) as a A r (P)-exponential polynomial series with 
coefficients in the space (|7\2|). The serie s ( |7.15[ ) arises as the sum over s € 
W/Wq with [s] = a of the series in (7.27) multiplied by ip s . Since multiplica- 
tion by tp s induces a continuous linear cndomorphism of the space ( 7.25| ), this 
establishes the final assertion of the theorem. 

From the final assertion it follows that, for every R > 1, the series on the 
right-hand side of (7.13) defines a holomorphic function of A G fl, for every 
G Xp.„. + [i?] and a G Ap~ (R^ 1 ). For such m, a the function A i— > f\(mav) is 



in 



holomorphic in A G by Lemma 7.4; hence the identity (7.13) extends to all 
A G CI, by density of f2' in fi. □ 



Theorem 7 .8 ( Transitivity of asymptotics). Let Q, f2, Y, f, P and v be as 
in Theorem Let Pi G Vf in be contained in P. Let a G Wj ~p| Q and 

£ G -a-Y + NA r (P). Then for every X G a Pq , all u G N Kp (a q ), b G *A+ q (*P 1 ), 
m G M and Aeil, 

g <r , e (P,«|/ J A-)(A,m6u)= £ fe sA ^ ]T ft"" <^(Pi, w | f,X + lo g 6)(A, m). 

M=» Mloj, q =5 

(7.28) 

Moreover, for every s G W/Wq with [s] = a and every X G ap q , the series 

E ^(7^(Pi,™|/,X + log&) (7.29) 

HE-sWqY+MAIP!) 

converges neatly on *Ap (*Pi) as a A(Pi)-exponential polynomial series in the 
variable b with coefficients in (D(Q, C co (Xq^ uv : tm))- 

Proof: Fix u G Nx P (a q ). Moreover, we fix a set Wp yV as in the beginning of 
the proof of Theorem |7.7| such that it contains the element u. We will also use 
the remaining notation of the proof of the mentioned theorem. 
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Using ( ]7720| ) we see that, via t he na tural isomorphism of C°° (X 0:Ut , : t m )) 
with C co (Xo : uv '■ tm), the series (7.2G) may be identified with the series with co- 
efficients in C°°(Xo i „„ : tm) that arises from the series on the right-hand side 



of (7.21) by omitting the evaluation at m. The neat convergence of the latter 



series was noted already. Moreover, the identity (7.28) follows by insertion of 



(7.21) in the definition (7.24) of 



□ 



The following result is an important consequence of 'holomorphy of asymp- 
totics.' 



Lemma 7.9 Let Q G V ai Y C *ciQ qc a finite subset and Cl C dg qc a non- 
empty open subset. Let / G Cq Y (X + : t : fi) and let P G P CT , v G iVft-(a q ), and 
o-eW/~p| Q . 

Let £ G -a-Y+NA r (P) and assume that there exists a A G aQ° qc (P, WY)C]Q 
such that 

^A | apq - p P - i G Exp(P,t; | / Ao ). (7.30) 
Then there exists a full open subset CIq of fl such that 

a\\ apci -pp-^e Exp(P, v | / A ), (VA g fi ). 



Proof: From (7.30) combined with (7.14) it follows that the P fc (ap q )<g>C 00 (Xp t;i+ : r P 



valued holomorphic function q: A i— » g CT ^(P, i> | /, • , A) does not vanish at A = Ao. 
Hence there exists a full open subset Hi C £1 such that q(X) ^ for all A g f2. 



Let n : = ^iriaQ° qc (P, WY), then the conclusion follows by application of ( |7.14| ). 

□ 



We end this section with a result describing the behavior of the functions 
q a ^ under the action of iVx(a q ). Let Q,P G V a and u G iVft-(a q ), and put 
P' = uPu^ 1 . The left multiplication by u naturally induces a map W/~j>|q— > 
W/ ~p'iQ, which we denote by er tin. Moreover, the endomorphism Ad(u -1 )* 
of a* c restricts to a linear map a Pqc — * a* plqc , which we denote by rj \— ► U77. With 
these notations, if Y C *ag qc is a finite subset and a G W/ ~p\q, then 



u(a ■ Y) = {ua) ■ Y; 



see also ( 7.12j ). For y G Nk (ft q ), let the map /0 T)U : C°°(Xp l , !+ : rp) — > C°°(Xp/ i „ l ,^ + : r 



be defined by ( 3.24 ) with P in place of Q. 

If 17 C ciQ qc is an open subset, let Ad(u -1 )* ®l®p T , u denote the naturally in- 
duced map from P(op q )(8»0(n, C 0Q (X P) „ 1+ : t p )) to P(a P /q)®0(f2, C°°(Xp> tUV , + : t p , 

Lemma 7.10 Let Q G P CT , V C *ag qc a finite subset and fl C Og qc a non- 
empty open subset. Let f G Cg P r (X + : t: fi). Jf P G P ct and u, w G iVx(a q ), 
then for all o G W/ ~p|q and £ G <r • Y, 

q u <j,ud uPu ~ 1 i uv \f) = [Ad(u -1 )* (8>l®Pr,ii]g , -,e(-P,v|/)- 
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Proof: From combining (7.14) and Lemma B.6 it follows that there exists a 
full open subset Qo of such that, for A G fio> 

q U a,u(;( uPu ~ 1 i uv I /> " = [Ad(u -1 )* ® /3 r ,ii]?ff,$(-f,« /, ' , A). 

The result now follows by holomorphy of the above expressions in A and density 
of Q . □ 



8 Asymptotic globality 

In this section we introduce the notion of asymptotic globality of a spherical 
function on X + and of an analytic family of such functions. We discuss prop- 
erties needed in the statement and proof of the vanishing theorem in the next 
section. 

Definition 8.1 Let P G V a and v G N K (a q ). A function f G C cp (X + : r) is 
said to be asymptotically global along (P, v) at an element £ G a Pqc if, for every 
X G 0p q , the V T -valued smooth function (P, v | /, X) has a C°° -extension from 
Xp )t >,+ to Xp „. 



Remark 8.2 Since q%(P, v \ f, X) is polynomial in X, with values in C°°(Xp. l , !+ : 7 
the requirement on implies that q^(P,v f) is a polynomial C°°(Xp jt , : Tp)- 
valued function on ap q . 

Note that for P minimal the condition of asymptotic globality along (P, v) 
is automatically fulfilled, since Xp„ j+ = Xp jt) . 

Finally, if / G C cp (X + : r), then / is asymptotically global alon g (G , e) at 



every exponent if and only if / extends smoothly to X (use Remark 1.6). 



The property of asymptotic globality is preserved under the action of D(X) 
in the following fashion. If P E V a , then by <a,.(P) we denote the partial 
ordering on a* Pqc , defined as in with ap q and A r (P) in place of a and A, 

respectively. 

Proposition 8.3 Let f G C cp (X + : r) and D G D(X). Let P eV a ,v G N K (a q ) 
and £o G a Pqc . Jf / is asymptotically global along (P,v) at every exponent 
£ G Exp(P, v\f) with £ ^A r (p) then Df is asymptotically global along 
(P,v) at £ . 

Proof: Let u: = u! p (D) + u + be the element of Dip associated with D as in 
Proposition 4.10| , with P in place of Q. The key idea in the present proof i 



is 



that u has a A r (P)-exponential polynomial expansion with coefficients that are 



globally defined smooth functions on Mp CT , by Cor. 4.9. More precisely, the 
expansion ep(-u) is a finite sum, as i ranges over a finite index set /, of terms of 
the form 

ep(u)i = ^2 a~"(pi tV <g> Si,„ ®u itV ®Vi tU . 

v£HA r (P) 
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Here <p iiV £ C°°{M Pa ), S itU £ End(K), u ilV £ U{m PlJ ) and v ijU £ U(a Pq ), 
and deg(tti,!/) + deg(v^„) < deg(D) for all i, v. By Lemma [4.12 , Df belongs to 



C cp (X + : r) and its (P, e)-expansion results from the (P, e)-expansion of / by 
the formal application of the element ep(u). Hence the asymptotic coefficient of 
£o is given by the finite sum 

qto( p , e \ D f)( x , m ) = X! ^^i,u( , m)S itV [q i (P,e\f)(X;T i (v itV ),m;u i!V )} 

SeExp(P,e|/) i£/ 
veNA r (P) 

e-"=«o 

Let now / satisfy the hypothesis of the proposition. The £'s occurring in the 
above sum belong to £ + NA r (P), hence satisfy £ d?A r {P) £■ By hypothesis, the 
associated coefficients q$(P, e | /) all extend smoothly to Op q x Alp a , see Remark 



B.2 . Therefore, so does q^ (P,e | £>/). This establishes the result for arbitrary 
P £ P<x and the special choice v = e . The result with general v £ Nk {dq) now 



follows by application of Lemma pjl (cf. Lemma 3.7 (a)). □ 



We shall also introduce a notion of asymptotic globality for families from 
the space Cq Y (X+ : t : O) introduced in the previous section, with C ag qc 
an open subset. 



Definition 8.4 Let Q 6 V a , Y a finite subset of *Og qc and f2 C ciQ qc a non- 
empty open subset. Let P 6 P CT , v £ (o q ) and <r £ WV~p|q • 

We will say that a family f £ Cg P y(X + : r : fi) is a-global along (P,v), if 
there exists a dense open subset r2 of 57, such that, for every A £ Ooj the 
function fx is asymptotically global along (P, v) at each exponent £ £ o"A| op + 
a-Y - p P -NA r (P). 



Remark 8.5 If Yi and Ya are finite subsets of *dg qc with Y"i C Y2, then obvi- 
ously 

q yi (X + :r:l])cq y2 (X + :r:Sl). 

If / belongs to the first of these spaces, then the condition of a-globality along 
(P, v) relative to Y\ is equivalent to the similar condition relative to Y2 . This is 



readily seen by using Lemmas 3.2 and |6.3|. From this we see that the notion of 



cr-globality along (P, v) extends to the space 

C c Q p (X + :r:ny.= |J C c Q p Y (X + :r:n) 

yC * a QqC finitC 

The property of asymptotic globality for families is also stable under the 
action of B(X). 

Corollary 8.6 Let Q £ V a , Y a finite subset of *Og qc and f2 C ag qc a non- 
empty open subset. Let P £ P CT , v £ A^(a q ) and o £ Wj ~p|q • 
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Let f £ Cg p y (X+ : r : O) be a-global along (P, v). Then for every D £ D(X) 
the family Df £ Cg P F (X + : r : fi) is a-global along (P, v) as well. 

Proof: It follows from Proposition [7.6| that Df belongs to Cq' y (X + : t: fi) 



According to Theorem 7.7, both sets Exp(P, v \ fx) and Exp(P, v \ Dfx) are con- 
tained in the set Ex- = W{\ + F)| 0Pq - pp - NA r (P), for every A £ O. 

Let be as in Definition [TJ. Then the set Q' : = fi ag° qc (P, VFF) is open 
dense in Q by Lemma |6.3| . Let A £ Q' and let £o € o"A| ap + er • F — pp — 
NA r (P). If $ G Exp(P u | f x ) satisfies Co ^ £, then £ £ crA| aj T q + cr • F - p P 



NA r (P) by Lemma 6.2. By hypothesis, fx is asymptotically global along (P,v) 



at the exponent £. It now follows by application of Proposition 8.3 that Dfx is 



asymptotically global along (P,v) at £o- D 

The following lemma describes the behavior of asymptotic globality under 
the action of iV/f (a q ). 

Lemma 8.7 Let P £ P CT and tt, u G Ax(a q ). Put P' = uPu^ 1 and v' = uv. 

(a) Let / £ C cp (X + : r) and £ £ a Pqc . Jf / is asymptotically global along 
(P, u) at £, then / is asymptotically global along (P', u') at u£. 

(b) Let Q £ Per, fi C Og qc a non-empty open subset, Y C *flQ qc a finite 
subset, f £ Cg P y (X + : r : fi) and a £ W/ ~p|q • If f is a-global along 
(P, v), then f is ua-global along (P' ; v'). 



Proof: From (3.24) with P in place of Q it is readily seen that p TU maps 



C 00 (Xp il) : Tp) to (7° (Xp' i „/ : rp/). Then (a) and (b) follow immediately from 



Lemmas |3.6| and 7.10, respectively. □ 



We end this section with the following result, which shows that the globality 
condition is fulfilled for a certain natural class of r-spherical functions. From 



the text preceding Lemma 5J3 we recall that b is a maximal abelian subspace 
of q containing a q and that if p £ b*, then by Lj we denote the kernel of the 
character j(- : p) of D(X). Thus 1^ is an ideal in D(X) of codimension one (over 



Proposition 8.8 Let p £ b* and let f £ £(X: r: LJ. Then/| x+ £ C op (X+ : r). 
Moreover, this function is asymptotically global along all pairs (P, v) £ V a x 
A^if (o q ) and at aii exponents £ £ a Pqc . 



Proof: The first statement follows immediately from Lemma 5.3. By Lemma 
|SV7| (a) it suffices to consider v — e and arbitrary P £ V a . Let ip £ V T be 
fixed. Then it suffices to prove that the scalar valued function m t— > Qg(X, to): = 
{q^(P, e\f, X, m) \ijj) on Xp + has a C°° extension to Xp, for each £ £ a Pqc , 
X £ op q . It follows from Theorem |3.4| that 

(f(ma)\ip}= ^2 a ? 9 C (loga,m). (8.1) 

£eY-NA,.(P) 
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On the other hand, it follows from Q, Lemma 12.3, that 0, Thm. 12.8 can be 
applied to the if-finitc function F: x <— > (/(x) | ip). By uniqueness of asymp- 
totics (see Lemma |1.7| and its proof) the expansion flS.ip coincides with that 
of Thm. 12.8. We conclude that, in the notation of loc. cit., q^(X,m) = 
p^ a ^^(P\F, m, X) for all X G ap q , m S Xp. + . The function x i— > ^(P\F, x, X) 
is smooth on G. From this the smooth extension of (X, m) follows immedi- 
ately. □ 



9 A vanishing theorem 

In this section we formulate and prove the vanishing theorem. We assume that 
Q is a cr-parabolic subgroup containing A q . 

As before, let b be a maximal abelian subspace of q containing a q . By *OQ q 
and *bQ we denote the orthocomplements of OQ q in a q and b, respectively. Let 
b k : = b n 6; then 

*b Q = b k © *a Qq . 

We write Dq for the collection of functions 5:*bg c — > N with finite support 
supp<5. For S G Dq we put 

\6\:= «(")• 

z^Esupp 5 

For 6 € Dq and A £ a Q qc we define the ideal in D(X) as the following 
product of ideals 

i 5X .= n {h +x ) & ^. (9.i) 

i/Esupp 8 

If 5 = 0, this ideal is understood to be the full ring ES(X). Being a product of 
cofinite ideals in the Noetherian ring B(X), the ideal is cofinite. 

Definition 9.1 Let O C Og qc be a non-empty open subset and S G Dq. For 
every finite subset Y C *ciQ qc we define 

£q,y(X+: t: fi: S) (9.2) 
to be the space of families f G CqV (X+ '■ t: Ct) (cf. Def. 7A_ ) such that for 



every A G Q the function f\:x i— > /(A,x) is annihilated by the cofinite ideal 



(9.1). Moreover, we dehnc 

£ Q (X+:r:n:6):= (J £q, y (X+ : r : : S). 



Note that the space (9.2) depends on Q through its er-split component Aq^. 



If v G *^Qc^ we denote by <5„ the characteristic function of the set {v}. Then 
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8 V G Dq. Moreover, if 8 £ Dq and ^ G suppJ, then d — 8 V G Dq and |<5 — 8 U \ = 
\S\-1. 

Lemma 9.2 Let f G £q,y(X + : t: ft: 5). 

(a) If D E D(X) then D/ G £q,f(X+ : t : O : <5). 

(b) If D E D(X) and f G supp<5 then the function g:flx X + — > Y T defined by 

g(\,x):=[D-<Y(D:u + \)]f x (x), (A G 0, x G X+), (9.3) 
belongs to £q,y{X + : r: ft : S — <$„). 

Proof: Let D G D(X). By Proposition Q the family Df belongs to Cq P y (X+ : r : 
Moreover, if A G fi and £>' G 7 5> a, then D'(Df) x = D'Dfx = DD'fx '= and 
we see that assertion (a) holds. 

The function A i— ► ^{D : v + A) is polynomial on ag qc , hence holomorphic on 
fi and it follows that G: (A, x) i— > 7(D : z/+A)/(A, x) belongs to Cg P y (X + : r : f2). 
Hence g = Z)/ — G belongs to the latter space as well. Furthermore, if D' G 
I S -S V< X, then D": = D'(D-j(D : v+X)) G I s ,x, and we see that D'g x = D" fx = 
0. Hence (b) holds. □ 



Remark 9.3 It follows from Lemma [T^ (a) that J7.S|) defines a representation 
of D(X) in £q(X + : r: Q : 5), leaving the subspaces £Q i y(X + : t: Q: 5) invari- 
ant. 



Lemma 9.4 Let Q G V a , S G Dq and f2 a connected non-empty open subset 
of ag qc . Assume that f G Cq P (X + : t : fi). If fx is annihilated by Is^x f° r A in a 
non-empty open subset Q' of Q, then / G £q(X + : r : f2 : (5). 

Proof: Fix a finite subset Y C *a* Qqc such that / G Cg P y (X + : r: O). We 
proceed by induction on |<5|. 

First, assume that \8\ = 0. Then Ig t x — B(X) for all A and hence /|n'xX + = 0. 



Since is connected, this implies that / = 0, see Lemma 7.4. 

Next assume that \S\ = k > 1 and assume the result has already been 
established for all 6 G Dq with \8\ < k. Fix v G supp (5 and put 8' = 8 — <5„, then 



|<5'| < fc. Let L> G ©(X) and define g as in (9.3). Then g G C*g P y (X+ : r: fi) 



as seen in the proof of Lemma |9.2| . On the other hand, it follows from (b) of 
that lemma that <?|si'xx + G £q,y(X + : t: O' : 8'). Hence g G £q(X + : t: Q: 8') 
by the induction hypothesis. Fix A G ft. Then it follows, for D' G Is\x, that 
D'(D — j(D : v + X))fx — D'gx — 0. Since D was arbitrary, we conclude that 
fx is annihilated by the ideal Is^xlv+x = Is,x- D 
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We define the following subset of V a , consisting of the parabolic subgroups 
whose cr-split rank is of codimension one, 

V\: = {P G V a dim aj dim o Pq = 1}. 



Definition 9.5 Let Q G V„, ft C dg qc a non-empty open subset and S G Dq. 
By £q(X + : t: Q: <5) glob we denote the space of functions f G £q(X + : t: ft: 5) 
satisfying the following condition. 

For every s G W and every P G V\ with s(ag q ) <(_ ap q , the family f is 
[s]-global along (P, v), for all v G A^(a q ); here [s] denotes the image of s 
in W/~p\ Q = W P \W/W Q . 

IfYC *ttg qc is a finite subset, we define 

%y(X+ : r : fi : 5) : = £ Q ,y(X+ : r : : S) D f Q (X+ : r : : 5) 



Remark 9.6 Note that £q(X + : t : f2 : <5) glob depends on Q through its <r-split 
component aQ q . 



The equality W/~p\q — Wp\W/Wq follows from Lemma 6.5. Note that the 



condition s(oQ q ) ap q on s factors to a condition on its class in Wp\W/Wq. 

The following result reduces the globality condition of Definition |9.5| to a 
condition involving a smaller set of (s,P) G W x P\. Its formulation requires 
some more notation. 

Let A be a fixed basis for the root system S, let E + be the associated system 
of positive roots and o+ the associated open positive chamber. Let Pq be the 
unique element of p™™ with A(Po) = A. A cr-parabolic subgroup Q is said to 
be standard if it contains Pq; of course then Q G V a . Given such a Q, we write 
Aq for the subset of A consisting of the roots vanishing on ciQ q and A(Q) for 
its complement. 

If a is any root in A, we write n a for the sum of the root spaces Qp where 
P ranges over the set E + \ Na. Moreover, we put N a : = exp(n Q ) and write M\ a 
for the centralizer in G of the root hyperplane kera. Then P a = Mi a N a is the 
standard parabolic subgroup with Ap a = {a}. We write P a = M a A a N a and 
P a = M aa A aq N a for the Langlands and er-Langlands decompositions of P a , 
respectively. Accordingly, a aq = kera and *a Qq = (kera)- 1 . Finally, we write 
W a = Wp a for the centralizer of ker a in W. 

Lemma 9.7 Let Q G T a be a standard parabolic subgroup, f2 C ag qc a non- 
empty open subset, 5 G Dq and f G £q(X + : t : ft : 5). Then f belongs to 
£q(X + : r : : <5) g i b if &nd only if the following condition is fulfilled. 

For every s G W and every a G A with s _1 a| a Q q 0, the family f is 
[s]-global along (P a ,v), for all v G A^(a q ); here [s] denotes the image of 
s in W/~ PalQ = W a \W/W Q . 
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Proof: We must show that the condition of Definition |9.5| is fulfilled if and 
only if the above condition holds. For this we first observe that for a G A and 
s G W, 

s^aUg, + s(a Qq ) £ <W 

The 'only if part' is now immediate. For the 'if part', assume that the above 
condition is fulfilled. Let (s, P) G WxV^. be such that s(oQ q ) <£ ap q . There exist 
a G A and t G W such that tPt^ 1 = P a . It follows that ts(a.Q q ) <£_ tap q = kera, 
hence (is) -1 a = ao (ts) is not identically zero on ciQ q . From the hypothesis it 
now follows that / is [is]-global along (tPt~ l , v), for all v G Nk (flq)- By Lemma 
B.7 it follows that / is [s]-global along (P,w), for all w G A/if(o q ). □ 



Lemma 9.8 Let Q G V a , fl C ciQ qc a non-empty open subset and 6 G Dq. Then 
the space £q(X + : t : : <5) glob is B(X) -invariant. Moreover, £Q i y(X + : r : : <5) glob 
is a D(X)-submoduie, for every finite subset Y C *<JQ qc - 

Proof: This follows from combining the D(X)-invariance of the space £q i y-(X+ : t:CI:S) 
with Proposition 8.3. □ 



Definition 9.9 Let Q G V a . An open subset f2 of ag qc will be called Q- 
distinguished if it is connected and if for every a G the function A i— > 

(Re A , a) is not bounded from above on Q. 

In particular, a connected open dense subset of dg qc is Q-distinguished. 
In the following theorem we assume that C A^(a q ) is a complete set of 
representatives for Wq\W/Wkc\H- 

Theorem 9.10 (Vanishing theorem). Let Q G V a and 8 G Dq. Let fl C ag qc 
be a Q- distinguished open subset and let / G £q(X + : t: Q: <5) g i b- Assume that 
there exists a non-empty open subset fl' C 51 such that, for each v G 

\- PQ £Exp(Q,v\h), (AGO'). (9.4) 

Then f = 0. 

The proof of this theorem will be given after the following lemmas on which 
it is based. We may and shall assume that Q is standard. Thus, Q contains the 
minimal standard a-parabolic subgroup Pq which will be denoted by P in the 
rest of this section. 

Lemma 9.11 Let O c dg qc be a non-empty connected open subset, 5 G Dq 
and assume that \S\ — 1. Let Y C *ciQ qc be a hnite subset and let f G 
£ , Q j y(X + : t: ft : 5). Moreover, let v G Nic(ciq) and assume that there exist 
t G Wq, rj G Y, [i G NA and u G N KQ (a q ) such that 

X + tij-p-pe Exp(P, uv | f x ) (9.5) 
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for X in some non-empty open subset of O. Then there exists a full open subset 
r^o C such that 

X-Pq eExp(Q,v\f x ), (Aefio)- 

Proof: Let v G *&q c be the unique element such that supp<5 = {v}. Fix t, rj, p 
and u with the mentioned property. Replacing p by a ^A-smaller element if 
necessary we may in addition assume that p is ^A-minimal subject to the condi- 



tion that (9.5) holds for A in some non-empty open subset of fi. By holomorphy 



of asymptotics, see Lemma 7.9, it follows that (3.5) holds for A in a full open 
subset fl' of f2. Moreover, using the minimality of p and applying Lemma |G.2| 
we see that for every A in the full open subset H,q - = fi' H ag° qc (P, WY) of f2, 

X + trj-p-pe Exp L (F, uv | fx). 

Since fx is annihilated by Is,x = Iv+x, this implies, in view of Lemma [5.5| , that 
there exists a finite subset L C b£ c such that 

v + Xe W(b)(C + \ + tr)-fi), (Aefio). 

For Ao £ £, w £ H^(b) we define ilo(Ao, w) to be the set of A G Qo satisfying 

u + X = w(A + X + tr]- p). (9.6) 

The union of these sets, as Ao G C, w G W(b), equals Hq. By finiteness of the 
union, we may select Ao and w such that f2o(Ao, w) has a non-empty interior in 
fio- Since r2o(Ao, w) is also the intersection of f^o with an affine linear subspace of 
b*, it must be all of Qq. Hence for all Ai, A2 G Qo we have w(Xi — A 2 ) = Ai — A 2 . 
Since J1q is a non-empty open subset of °r w th is implies that w belongs to 



Wq(b), the centralizer of UQ q in W(b). From ( |9.6|) we now deduce that — wp — 
v — wAq — wtrj. The expression on the right-hand side of this equality has zero 
restriction to OQ q . Therefore, so has wp, and we conclude that also p\ aQci = 



Combining this fact with and transitivity of asymptotics, see Theorem 3.5 
we conclude that 

A-Pq = [A + tr?-p-/i]|a Qq 6 Exp(Q,w|/ A ), 

for all A G Qo- □ 

For the formulation of the next lemma, we need the following definition. 

Definition 9.12 Let il C ag qc and s G W be given. The subset W(ft,s ) of 
W is defined as follows. Let s' G W. Then s' G W(0, So) if and oniy if there 
exists a chain si, . . . , s& = s' of elements in W , with SjsJ^j^ = s aj a simple 



reflection, such that the following condition (9.T) holds for each of the pairs 
(s, a) = {aj-uaj) G W x A, j = 1, . . . , ft. 

If s -1 a| 0Q 7^ then A 1— > Re (sX , a) is not bounded from below on Q. 

(9.7) 
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Notice that if £1 is dense in ag qc , then W(fi, s ) — W for all s G W. 



Indeed, (9.7) is then fulfilled by all elements a G A. Hence, in order to verify the 
conditions of Definition p. 12 for s' G W arbitrary, we may choose as s ai , . . . , s 



the elements in a reduced expression s's 



Lemma 9.13 Let f2 C ag qc be a non-empty connected open subset, Y C *ciQ qc 
a finite subset, and S G Dq. Let / G £q,y(X + : t : £1 : <5) g i b aiJ d s G W 7 . Assume 
that there exist t G Wq, r\ G Y, /i G NA and iu G iVx(a q ) such that 

sX + stri - p - p G Exp(P, w | /a), (9.8) 

for afi A in some non-empty open subset of ft. Then for every si G W(f2, s) 
there exist ti G Wq, r\\ G Y, pi G NA and wi G A^^(a q ), such that 

siA + sifi?7i — p — m G Exp(P, tux | /a), (9.9) 

for all A in a fufi open subset of £1. In particular, if f2 is dense in ag qc , then the 
above conclusion holds for every s\ G W. 

Proof: In the proof we will frequently use the following consequence of Lemma 



7.9, based on holomorphy of asymptotics. If s\ G W,t\ G Wq, r)i G Y, Hi G NA 
and wi G iVif(aq), then fl9.9| ) holds for A in a full open subset of Q as soon as it 
holds for a fixed A in the full open subset fl f) ag° qc (P, WY) of £1. We now turn 
to the proof. 

If si = s, or more generally, if s% G sWq , then the conclusion readily follows 



by the previous remark. By Definition 9.12 we now see that it suffices to prove 



the lemma for s\ = s a s, with a G A such that (3.7) holds. There are two 
cases to consider, namely that s~ 1 a| a ^ equals zero or not. In the first case, 
si = ss s -i a G sWq and the conclusion is valid. We may thus assume that we 
are in the second case, i.e., s\ = s a s with 

s-^U-^O. (9.10) 

We will complete the proof by showing that the following assumption leads to 
a contradiction. 

Assumption: for all ti G Wq, T]i G Y, /ii G NA and Wi G A^(a q ) there 
exists no non-empty open subset ft' of f2 such that fl9.S| ) holds for A G f2'. 

Let S be the set of elements (stn — p) \ aaq with t G Wq ,r\ E Y, p G NA such 
that ( |9.8| ) holds for A in a non-empty open subset of O, for some w G iV^(a q ). 
Then S is a non-empty subset of a* qc contained in a set of the form X— NA r (P a ), 
with X C a* qc finite. Hence we may select t G Wq,t) G Y and p G NA such 
that (stn — At)|a Qq is ^A r (p )- m a x i m al in 5. According to the first paragraph of 
the proof, there exists w G A^(a q ) such that ( |9.8|) is valid for A in a full open 
subset fio of fl. For \ e £l we put 

£(A) = [sA + si7?-p-ju]| ao[ ,. 



Then by transitivity of asymptotics, see Theorem 3.5, it follows that 

C(A) GExp(P tt , w |/A) 



60 



for A 6 O . In the following we shall investigate the coefficient of the expansion 
of fx along (P a ,w), for A E il , given by 

<px{m):= q^x)(P a ,w\fx, ■ ,m). 

Here ipx is a non-trivial Tp a -spherical function on X Q:M)+ with values in Pt(a aq ), 
for k = degj, see Thm. 0(b). 

It fo llow s from ( 9.1 0| ) and the asymptotic globality assumption on /, see 



Lemma 3.7 , that actually (fix extends to a smooth function on ~K. a ,w, for every 
A in an dense open subset Slg of fig . This observation will play a crucial role at 
a later stage of this proof. 
Let 

n i: = n' n a^° qc (p, wy) n a* Q \ c (p a ,WY). 

The sec ond and third set in this intersection are full open subset of Og qc , see 



Lemma 3.3. Hence fii is a dense open subset of f2. We claim that for A S fii 
the following holds. If s' E W, t' € Wq, if E Y, p! 6 NA and w' E Afo(a q ) are 
such that 



s'A + s't'r)' - p- p! E Exp(P, w' | / A ) and 



(9.11) 



then 



esW Q and (s't'r,' - p')L= (str] - p)L. (9.12) 



To prove the claim, let s f ,t',r,',p',w' satisfy fl9.1l| ). Then there exists ay £ 
NA(P Q ) such that s'A -I- s't'-q' — p — p' — v and sA + strj — p — p have the same 
restriction £(A) to o Qq . By the definition of f^i this implies that s' and s define 



the same class in W/ ~p q |q, see Lemma jS^. The latter set equals WqXW^/M/q 



by Lemma |6.5| , hence s belongs to s a sWQ = s\Wq or to sWq. In the first 
case it follows that s'A = s\X, hence s\\ + sxt"r)' — p — p' E Exp(P, w' \ fx) for 
some t" E Wq. This assertion then holds for A in a full open subset of f2i, 
contradicting the above assumption. 

It follows that we are in the second case s' E sWq, hence s' — st" for some 
t" E W Q . The element (s't'r]' - p')\ aa „ = (sf't'r]' - p')\ aat . therefore belongs to 



5; from (9.11) it follows that it dominates the maximal element {st-q — p)\ a , 
hence is equal to that element. This implies ( |9.12| ), hence establishes the claim. 

It follows from the above claim that, for A E Oi, the exponent £(A) is actually 
a leading exponent of fx along (P a ,w). To see this, let A E Sli and let £ € 
Exp(P Q , w | fx) be an exponent with £(A) ^A r (p Q ) £■ Then, in view of Theorem 
|1| there exist s' E W, t' E Wq, rj' E Y and p! E NA such that the element 
s'A + s't'r/' — p — p! restricts to £ on a Qq and belongs to Exp(P, w' \ fx) for some 
w' E W. It now follows from the claim established above that £ = £(A). 

Thus, we see that £(A) is a leading exponent indeed. Consequently, by 



Lemma 5.7 the function ipx is ©(X^^-finite, for every A E Oi . We proceed by 



investigating the exponents of its expansion. 
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Select a complete set W a ,w of representatives for W a / (W a f~l W KnwHw -i) in 
^^(fq)- We put *P = PP\M a . Then by transitivity of asymptotics, cf. Theorem 
|3.5| , we see that for the set of (*P, w)-exponents of <p\, as u G W atW , the following 
inclusion holds: 

Exp(*P,u\cp x ) c {Z\* aatl \Ze-Exp(P,uw\f x ) e|a« q = e(A)|a Qq }. 

Hence, for A € f2i, every exponent in Exp(*P, u \ (p\) is of the form (s'X + s't'n' — 
P - M')l*a aq with s' G W, t' G Wq, rj' £Y and p! G NA satisfying 



s'A + s't'r/' -p-fx'e Exp(P, aw | / A ), 
[ S 'A + s 'iV-p-/i']| aaq =e(A)| aQq . 



It follows from the claim established above that ( 9.12| ) holds. 

We have thus shown that for every A G Oi the exponents in Exp(*P, u \ tp\) 
are of the form (sA + st'if - p - //)|*„ aq with t' G Wq, 77' € F, ^i' € NA 
satisfying 

From this it follows that the restriction p'\a aci of the p! occurring runs through 
a finite subset of NA,.(P Q ) = N[A \ {a}]|a aq , independent of A. Hence there 
exists a finite subset S' C NA such that p! runs through S' — Na. We thus see 
that there exists a finite subset S C *a* c such that, for every A G Hi, 



U MG w Q , ra Exp(*P,u|^ A ) C sA|. 0a „ + 5-Na. 



(9.13) 



From (9.7) and (9.1C) it now follows that we may select a non-empty open subset 
£7 2 of the dense open subset fii of such that, for every AeSl 2 , each u G W ajW 
and all £ G Exp(*P, m | (p\), 

(Re£ + *p, a) < 0. 

Since ip\ is B(X QiU ,)-finite this implies that (p\ is square integrable on X Q:t0 , see 
|IJ, Thm. 6.4 with p = 2; hence a Schwartz function for A G O2 , see ||, 
Thm. 7.3. 

On the other hand, from (9.1C) it follows that the linear map A 1 — ► ^A|*a 



is surjective from ag qc onto *a* qc . Therefore, the set {sA|» aaq | A G S I2} has 
a non-empty interior in *o* qc . Combining this observation with ( 3.13 ) we in- 
fer that there exists a non-empty open subset C ^2, such that the sets 
U«ew Q ,,„ Exp(*P, u I ip\), for A G O3, are mutually disjoint. Now these sets are 
non-empty, since (fx / 0, for A G ^3. Therefo re, t he union of these sets, as 
A G f^3, is uncountable. This contradicts Lemma 5.8, applied to the space X QjU ,. 
□ 



Lemma 9.14 Assume that ft C dg qc is Q- distinguished. Then e G W(tt,so) 
for all s eW. 
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Proof: Let k = l(s ) denote the length of sq, and let sq — s ai ■ ■ ■ s ak be a 



reduced expression for sq. Put s ? - = s aj ■ ■ ■ s ai so = s aj+1 ■ ■ ■ s ak for j = 1, . . . , k, 
then Sk = e. We claim that (Wjt) holds for each pair (s,a) — (sj-i, otj). Since 
l(sj) — l(sj-i) — 1, the root sj_ x aj must be negative. Hence the restriction of 
this root to ciQ q is zero or belongs to — Now (9.7) follows immediately 
from Definition □ 



Proof of Theorem 9.1C : We prove the result by induction on \S\. US = 0, 
then for A G ag qc the ideal Ig t x equals B(X); hence £q(X + : t : SI : 8) g i b = 
and the result follows. 

Let now \S\ = 1, let / 6 £q(X+ : t: ft: <5) g i b and let ( |9^ ) be fulfilled for 



all v G ^W. Assume that / ^ 0. We will show that this assumption leads 
to a contradiction. There exists a finite subset Y C *ciQ qc such that / S 
£ Q ,Ypt+ :t:Q: <5) glob and a A £ Q n 0^ o qc (P,W r F) such that f x „ + 0. Let 
W be a complete set of representatives of W/Wkhh in (a q ) containing ^W. 
Then Exp(P, w \ f\ ) ^ for some w S W. In view of (^^) it follows that there 
exist s G W, t G LYq, 77 G y and /x G NA, such that 



sA + ,si?7 - p - /j, G Exp(P, w I J A ), 



(9.14) 



for A = Ao . From Lem ma |7.9| it follows that ( |j.l4| ) is valid for A in a full open 
subset of fi. By Lemmas 9.13 and 9.14 this implies that there exist t\ G Wq, r\\ G 
Y, fii G NA and w\ G iVx(a q ), such that A + tirji — p — fxi G Exp(P, w\ \ fx) for 
A in a full open subset of fl. Let v G be the representative of WqWi Wkhh ■ 
By Lemma 9.11 it follows that A — pq G Exp(Q, v \ f\) for A in a full open subset 
D,q of il. Since f2o H f2' is non-empty, we obtain a contradiction with (9.4). 

Now suppose that |<5| = k > 1, and assume that the result has already 
been established for <5 G Dq with |5| < k. Fix ^ G supp (5) and put <5' = 
S — 8 V . Then (5' G Dq; moreove r, \8 V \ = 1 and \8'\ = k — 1. Fix any D G 
(X) and define the family g by ( |9.3| ). Then g G £q(X + : r : SI : <5') by Lemma 
.21 Moreover, it readily follows from Lemma [Dl that the family g belongs to 




fi: 8' 



glob- 



For A G SI and v G iV^ (a q ) we have 



Exp(Q, v I SA ) C Exp(Q, v\f x )- NE r (Q), 



(9.15) 



in view of Lemma 4.12 (b). Moreover, by hypothesis we have the following 
inclusion, for every A G SI', 



Exp(Q, v\f x )C [W{\ + Y)\ aQci -p Q - NE r (Q)] \ {A - p Q }. 



(9.16) 



Combining ( 9.1 5| ) and ( |9 .16 ) we infer that Exp(Q, w \ g\) does not contain X — pQ 
for A G SI' and every w G iV^(a q ). Consequently, the family g satisfies the 
hypotheses of Theorem 9.10. Since |<5'| = k — 1, it follows from the induction 
hypothesis that g = 0. Since D was arbitrary, we see that fx is annihilated 
by Is u ,x, for every A G ST Hence / belongs to £q(X + : t : SI : <5^) g iob- Since 
\8 V \ = 1 < fe, it now follows from the induction hypothesis that f — 0. □ 
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The following result is also based on Lemma 



9.13 



Corollary 9.15 Let O C ag qc be a connected dense open subset, Y C *ciQ qc a 
finite subset, and S £ Dq. Let / £ £q^y{X + ■ t : Q : 5)gi b and si £ W. If 

(s x A + WY - p - NA) n Exp(P, w | /a) = 0, 

for a/i A in a non-empty open subset of il and for all w £ 7Vft-(a q ), then / = 0. 

Proof: Assume that f =/= 0. Then there exists an element A £ finaQ qc (P, WF) 
such that /a 7^ 0, and then 



sA + str] - p- /i G Exp(P, w | /a) 



(9.17) 



for some s £ W^, t £ Wq, ry £ Y, p £ NA and w £ A^x(ciq). As remarked in 
the beginning of the proof of Lem ma 3. IS , ( 9.17 ) then holds for all A in a full 
open subset of Q. Hence Lemma 3.13 applies; its final statement contradicts 
the present assumption for s\. □ 

Finally in this section we will show that for a family in £ q (X + : t: il: 5) 
that allows a smooth extension to X, the hypothesis of asymptotic globality can 
be left out in the vanishing theorem. Let 

£ q (X:t: Q: S) = {/ £ £ Q (X+ : r : fl : 6) | fx £ C°° (X : r),A£0}. 



Corollary 9.16 Let Q £ V a and S £ Dq. Let C aQ qc be a Q -distinguished 
open subset and let f £ £q(X : r : Q : 6). Assume that there exists a non-empty 
open subset il' C fl such that, for each v £ ®W, 



\-p Q iExp(Q,v\f x ), (A£0'). 



Then f = 0. 



Proof: As in the proof of Theorem 9.10 we proceed by induction on \S\. If 
1 5 1 =0 the result is trivial. If \6\ = 1 it follows from Proposition |S.8| that 
£q(X: r : : S) C £q(X + : t:VL: <5) g i b, and then the result follows directly 
from Theorem 9.1C. 

Now suppose that |<5| = k > 1, and assume that the result has already been 
established for all 5 £ Dq with \S\ < k. Let 8' and g be as in the proof of 
Theorem 9.10. Then it is easily seen that g £ £q(X : r : £1 : <5'). 

For the rest of the proof we can now proceed exactly as in the proof of 
Theorem |9T0|. □ 
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10 Laurent functionals 



In this section we define Laurent functionals and describe their actions on suit- 
able spaces of meromorphic functions. 

Throughout this section, V will be a finite dimensional real linear space, 
equipped with a (positive definite) inner product (• , •). Its complexification 
Vc is equipped with the complex bilinear extension of this inner product. 

Let A be a (possibly empty) finite set of non-zero elements of V. At this 
stage we allow proportionality between elements of A. By an A-hyperplane in 
Vc, we mean an affine hyperplane of the form H = a + a^r , with a £ Vc, a £ X. 
The hyperplane is called real if a can be chosen from V, or, equivalcntly, if it is 
the complexification of a real hyperplane from V. A locally finite collection of 
A-hyperplanes in Vc is called an A-configuration in Vc- It is called real if all its 
hyperplanes are real. 

If a £ Vc, we denote the collection of A-hypcrplanes in Vc through a 
by H(a,X) = H(Vc,a,X). If E is a complete locally convex space, then by 
A4(a, X, E) = _M(Vc,a, A, E) we denote the ring of germs of _E-valued mero- 
morphic functions at a whose singular locus at a is contained in TL(a,X). Here 
and in the following we will suppress the space E in the notation if E = C. 
Thus, M(a,X) =M(a,X,C). 

Let N x denote the set of maps A — > N. If d £ N x , we define the polynomial 
function ir a A = i^a,x,d- Vc — ► C by 

tm(*)= H(H,z-a) m , (zeV c ). (10.1) 

If A — then N x has one element which we agree to denote by 0. We also agree 
that TT a .o = 1. Let O a (E) = O a (Vc,E) denote the ring of germs of i?-valued 
holomorphic functions at a. Then 

M(a,X,E) = U deN * ir-* d O a (E). 

In the following we shall identify S(V) with the algebra of constant coefficient 
holomorphic differential operators on Vc in the usual way; in particular an 
element v G V corresponds to the operator (p i— > v<p(z) — | r=0 f(z + tv). 

Definition 10.1 (Laurent functional at a point) An X -Laurent functional at 
a is a linear functional C:M(a, A) — > C such that for every d £ N x there exists 
an element Ud £ S(V) such that 

Cip = Md(7r a ,d<£)(a), (10.2) 

for all if £ Tr^jOa- The space of all Laurent functionals at a is denoted by 
M(a,X)l ui = M(V c ,a,X)l ui . 
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Remark 10.2 Obviously, the string (wd)deN x of elements from S(V) is uniquely 



determined by the requirement (10.2). We shall denote it by uc- 

If E is a complete locally convex space, then X-Laurent functionals at a 
may naturally be viewed as linear maps from Ad(a, X, E) to E. Indeed, let 
C G Ad (a, X)^ aur and let uc — (ud)deN x be the associated string of elements 
from S(V). tttpG n~ d O a (E) then dp is given by formula ( gog ). 



Let T a :z i— » z + a denote translation by a in Vc- Then T a maps 7i(0,X) 
bijectively onto Tl(a,X). Pull-back under T a induces an isomorphism of rings 
T*: ip i— > ip o T a from O a onto Co- Therefore, pull-back under T a also induces an 
isomorphism of rings T*: Ad (a, X) — > .M(0, X). By transposition we obtain an 
isomorphism of linear spaces T a „: 7W(0, X)* — > A^(a, X)*. It is readily seen that 
Ta{^a,d) = 7To,d f° r every d G N x . From the definition of Laurent functionals 
it now follows that T a * maps Ad(0, -X")* aur isomorphically onto Ad(a, X)* aur . 
Moreover, 

UT a ,C = U C 

for all C G M(0,X)*. 

Let X' be another finite collection of non-zero elements of V. We say that 
X and X' are proportional if H(Q,X) = H(0, X'). 

Lemma 10.3 Let X, X' be proportional finite subsets of V \ {0} and let a £ Vc- 
Then M(a,X) = M(a,X') and M(a,X)f aur = M(a,X')r aur - 

Proof: It is obvious that M(a,X) = M(a,X'). Let C G M(a,X)* = 
At(a,X')*, and assume that £ G Ad (a, -X~')* aur . Let (tirf')<i'eN x ' ^e the asso- 
ciated string. Let d G N x . Then, by proportionality, there exists d! G N x and 



c G K \ {0} such that ir at x.d = c^a,x',d'- Let Ud = c _1 itd', then ( 10.2 ) follows 
immediately. This shows that C G A^(a, X)* and establishes the inclusion 
Ad(a, X')* am C Ad (a, X)^ aur . The converse inclusion is proved similarly. □ 

Following the method of jjlQ] , Sect. 1.3, we shall now give a description of 
the space of strings uc, as C G A4(a, X)* aur . 

Put 137^: = 7To j( ; and equip the space N x with the partial ordering < defined 
by d' di d if and only if < g?(£) for every £ G X. If rf' ^ d then we define 
d — d! componentwise as suggested by the notation. In JToj ] , Sect. 1.3, we defined 
the linear space S<-(V,X) as follows. Let d,d' G N x with d' < d. li u e S(V), 
then by the Leibniz rule there exists a unique v! G S'(V) such that 

u(vj d - d > <p)(0) = u'(<p){0), (ip G Ob). 

We denote the element v! by jd',d{u). The map jd',d- S(V) — > <S(V) thus defined 
is linear. Note that it only depends on d — d'; note also that, for d, d', d" G N x 
with d" <d' <d, 

jd",d' °jd',d — jd",d- 

We now define 5<_(V, X) as the linear space of strings {ud) d <=N x m S(V) such 
that j d ',d(u d ) — Ud' for all d,d G N x with d' ^ <i. Thus, this space is the 
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projective limit: 

S^(V,X) = lim(S(V),j.). 

The natural map S<-(V,X) — > S(V) that maps a string to its d-component is 
denoted by jd- 

Lemma 10.4 The map £ i— ► uc is a linear isomorphism from M.(a, X)* am onto 
S^(V,X). 

Proof: See jy], Appendix B, Lemma B.2. □ 

Lemma 10.5 Let a G Vc, d E N x and u € S(V). Then there exists a Laurent 
functional £ G M(a,X)^ am such that (u c ) d = u. 

Proof: See |o|, Lemma 1.7. □ 



Remark 10.6 In particular, it follows that for each a G Vc there exists a 
Laurent functional £ G A4(a, X)^ aul such that Cip — ip(a) for all (p G O a . Note 
however, that this functional is not unique, unless X = 0. 



Lemma 10.7 Let M{a, X)*^ T denote the annihilator of O a in M(a,X)l &m . 
Then all functions cp in A4(a,X), that are annihilated by A4(a, X)*^ r , belong 
toO a . 

Proof: We may assume that a — 0. Let <p G A^(0,X) and assume that 
<p $ Oq. Then there exist elements d, d' G fi x and (£l such that ttq^' = £,^o,d 
and TTo t d'f G Co but tto^^P ^ Oq. Here we have written £ also for the function 
z i— > (£ , z) on Vc- Since ttq^'^P is not divisible by £, its restriction to = (0) 
does not vanish. Hence there exists u G 5'(£" L ) such that u(7ro,<i'¥')(0) 7^ 0. By 



Lemma 10. E there exists an element £ G A4(a, -X")* aur such that the d! term of 
U£ is u. Then £</? = u(7ro )t z'<^)(0) 7^ 0. However, for each i/i £ O we have 
£7/^ - u(7r 0> «{'V)(0) = [£«(to,W)](0) = 0. Hence £ G A4(a, X)^. □ 



We extend the notion of a Laurent functional as follows. The disjoint union of 
the spaces M(a, X) laur as a G Vc is denoted by M(*, A) laur = M(Vfc, *, ^)* aur - 
By a section of A^(*,X)* aur we mean a map £: Vc — > A4(*, Ar) lam . with £ a G 
7W(a, X)* aur for all a G Vfc. The closure of the set {a G Vc | £ a ^ 0} is called 
the support of £ and denoted by supp (£). 



Definition 10.8 (Laurent functional) An X -Laurent functional on Vc is a 
finitely supported section of A4(*, A)[* aur . The set of X-Laurent functionals is 
denoted by M (Vc, A)j* aur and equipped with the obvious structure of a linear 
space. 
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Is S is a subset of Vc, we define the space M(S, A)* aur = M(Vc, S, A)* aur 

by 

M(S,X)l m = {£e M(V c ,X)l m | supp£ c S} 
and call this the space of X-Laurent functionals on Vc supported in S. 



Remark 10.9 Note that, for a G Vc, the map M({a},X)* am — > M(a,X)* am , 
defined by C i— ► C a , is a linear isomorphism. Accordingly we shall view M.{a, A)* aur 
as a linear subspace of M(V~c, X)* am . In this way A4(S,X)* aui becomes identi- 
fied with the algebraic direct sum of the linear spaces A4(a, A)* aur , as a G S, for 
S any subset of Vc- Accordingly, if C G M(Vc, A)j* aur , then C a € M(a, A) laur C 
M(V C ,X)1 UI forae Vc, and 



a£supp £ 



Lemma 10.10 Let X and X' be proportional finite subsets ofV\ {0}. Then 
M(Vc,X)l UI = M(Vc,X% UI . 



Proof: This is an immediate consequence of Lemma 10.3 and the above defi 



nition. □ 

We proceed by discussing the action of a Laurent functional on meromorphic 
functions. Let Bbea complete locally convex space and ft C Vc an open subset. 
If a e fi, then by A4(£l, a, X, E) we denote the space of meromorphic functions 
Lp:il^E whose germ <p a at a belongs to A4(a, X, E). If S C f2, we define 

A4(fi, 5, X, E): = n aeS .M(n, a, X, E). 

Finally, we write M(Cl, X, E) for f2, A, J5). In particular, A4(Vfc, A, #) de- 

notes the space of functions 99 G A4(Vfc, £J) with singular locus sing(^) contained 
in an A-configuration. 

There is a natural pairing M(S, A)j* aur x M(Q, S, A, E) — > E, given by 

ZV= ^ £ a <p Q . (10.3) 

atEsupp C 



Lemma 10.11 Let S C Vc he arbitrary, and let Q, be an open subset of Vc 
containing S. Then the pairing given by ( 10. 4 ) for E = C induces a linear 
embedding 

M(s,x)i UI ^M(n,s,xy. 
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Proof: Let C £ M(S, X)* am and assume that C = on M(Q, S, X). We may 
assume that S = supp£. For every a £ S we write u a — {u d ) deN x for the string 
determined by C a . 

Select b £ S. Then it suffices to prove that C b = 0. Fix d £N X and £ O b . 
Then it suffices to show that u b d {4>)(b) = 0. 

For every a £ S \ {b} we may select d(a) £ N x such that ^ a ,d(a)^bd ^ s 
holomorphic at a. Moreover, we put d(b) — d. For a £ S there exists a unique 
v a £ S(V) such that for all / £ O a we have 

"a (/)(<*) = «3(a)K : d(a)7r 6 J/)(a)- 

We note that Vb — u b d . We may now apply the lemma below, with E a = Cv a , for 
a £ S, and, finally with £ a = if a ^ b and with £(, defined by £b(i>6) = 
Hence there exists a polynomial function ip on Vc such that w a (^) (a) = for all 
a £ S \ {b}, and such that Vb(ip)(b) = Vb((f>){b). 

Define p = 7r^ d V- Then p £ M(fl, S, X). Hence Cp = 0. On the other hand, 

A? - CaL P a = H £ «( 7r a,d(a) 7r a,d(a)7r M V) 

aeS aeS 

= U d(a)(Ka,d(a)Kb}lp){a.) = «a(^)(o) = ^(V>)(&) = 

It follows that u|j (<£)(&) =0. □ 



Lemma 10.12 Let 5 C Vc be a finite set. Suppose that for every a £ S a 
finite dimensional complex linear subspace E a C S(V) together with a complex 
linear functional £ a 6 £7* is given. Then there exists a polynomial function ip 
on Vc such that wip(a) — £ a (u) for every a £ S and all u £ E a . 

Proof: This result is well known. □ 

We proceed by discussing the push-forward of a Laurent functional by an 
injective linear mapping. Let Vb be a real linear space and i: Vb — ► V an injective 
linear map. We assume that no element of X is orthogonal to t(Vb). We 
equip Vb with the pull-back of the inner product of V under i and denote 
the corresponding transpose of i by p. Then X := p{X) consists of non-zero 
elements. We denote the complex linear extensions of i and p by the same 
symbols. Then, if H C Vc is an X-hyperplanc, its preimage l~ 1 (H) is an 
X -hyperplane of Vbc- 

Let a £ Vbc and put a = t(ao). Then pull-back by t induces a natural 
algebra homomorphism t*:0 a (Vc) — * O ao (Vbc)- On the other hand, pull-back 
by p induces a natural algebra homomorphism p*:O ao (Voc) — > O a (Vc). From 
poL = Iv„ it follows that t* op* = I on O ao (Voc), hence i* is surjective. 

If d: X — > N is a map, then we write p*(d) for the map X n — > N defined by 

P.(d)(£o) - E d (0- 
«ex, P («)=?o 
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One readily verifies that for every d: X — > N we have 

L*(^a,X,d) = Kao,Xo,p,(d.)- 



(10.4) 



Let E be a complete locally convex space. Then it follows that pull-back by i 
induces a linear map 



L*:M(V c ,a,X,E) ^ M(V 0C ,a , X , E). 



(10.5) 



Lemma 10.13 The linear map i* in (10.5) is surjective 



Proof: Let d : X — > N be a map. Then one readily checks that there exists a 
map d: X — > N such that d — (d) . From this it follows that 

^ao M °Mc,E) = i*(^ d ) L*p*(G ao (V 0C ,E)) c i*(7r-^ d O a (Vc,E)), 

where the first equality follows from (10.4). □ 



The pull-back map i* in (10.5) with E — C has a transpose i„: _M(Vbc, ^0: -Xo) 
M(Vc,a, X)* which is injective by Lemma 10.13. 



Lemma 10.14 The map 6* maps M(V a c, a , X a )^ am injectively into M(Vc, a, X)i anr . 

Proof: Let £ e M(Voc, a , X )* aul . Then it suffices to show that t*£ belongs 
to the space M(Vc, a, -X")* aur . 

We first note that l:Vq V has a unique extension to an algebra homo- 
morphism t»: S(V~o) — ► S(V). One readily verifies that u[t*(iy9)] = t*(t»(u)(/j) for 
every ip e O a (Vc) and all u £ S(Vq). Let d be a map X — > N. Then there exists 
a u d G S(V ) such that £ = ev O0 o u d o Tr ao ,x , Pm (d) on K~* Xopt{d) O ao (Voc); here 
ev ao denotes evaluation at the point ao- Put Vd = i*(wd). Then, for tp G O a (Vc), 

= ^[^(^a.x.d) -1 ^^)] = £['*ao,x a ,p,d l * < P\ = <*0w)Oo) = v d ip(a). 

Hence t*(£) = ev Q o w d o 7r Qi x,d on7r~^. d o (Vc) and we see that i»(£) G 7W(Vc,a, -X")* aur - 
□ 



There exists a unique linear map l*}M(Voc,Xq)* 



M(V c ,X)* aui 



that 



restricts to the map t» of Lemma 10.14 for every ao G Vbc, see Remark 10.9 
Clearly, supp (t*£) = t(supp (£)), for every £ G .M(Vbc, ^"o)* aur - 

On the other hand, if E 1 is a complete locally convex space, SI C Vc open 
subset and 5 C t _1 (57) a subset, then pull-back by t induces a natural map 
L*:M(n, l(S),X, E) -► M( t - X (fi), S, X 0) S). Moreover, if £ G M(F 0C , S, X )* aul 
and 93 G i(S), X, E), then 



L*(£)(p = L[b*if\. 



(10.6) 



We end this section with a discussion of the multiplication by a meromorphic 
function and the application of a differential operator to a Laurent functional. 
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First, assume that a E Vc and that ip <= M(a,X). Then multiplication 
by ip induces a linear endomorphism of M.{a, X), which we denote by m^. 
The transpose of this linear endomorphism is denoted by m*^: M(a, X)* — ► 
Ai(a, X)*. It readily follows from the definition of .XT-Laurent functionals at a 
that m*p leaves the space M(a, ^Q* aur of those functionals invariant. 

Let now S C Vc be a finite subset, let Q C Vc be an open subset containing 
S and let ip G M(£l,S,X). If C G M(V C , S, X)j* aur , we define the Laurent 
functional (£) £ M(V C , S, X)f aur by 

On the other hand, multiplication by ip induces a linear endomorphism of 
S, X), and it is immediate from the definitions that 

m^{C)(fp) = C{ipy) (10.7) 

for p G M(n,S,X). 

Lemma 10.15 Let v G S(V), then vip G M(a, X) for all p G M(a, X), and the 
transpose d* of the endomorphism d v : p i— ► vp of M(a, X) leaves M(a, ^0* aur 
invariant. 

Proof: We may assume v G V. Let d G N x and define <f G N x by <f (£) = 
+ 1 for all (el. Then ir at d divides v{-K a ,d')i an d hence 

Ka.d'Vp = v(ll a ^p) - V(ir a! d>)(p G O a 

for all <p G 7r~jO a . Thus <9„<£ = vp G 7r~j,O a for 95 G 7T~j0 o . 

Let now £ G -M(a, -X")* aur! and let u = Uc G SU(V, X). Then for d, <f and 
as above 

d*£{ip) = C(vp) = u d >(TT a< d'Vip)(a) = u d 'v{-K at d'<f){a) - u d ,(v(ir a . d ,)ip)(a). 

Each term on the right hand side of this equation has the form u'(pp)(a) with 
u' G S(V) and p a polynomial which is divisible by ir a ,d- Hence, by the Leibniz 
rule, d*C(f) has the required form u"(7r ai£ 2<p)(a), where u" E S(V). □ 

For C G M(V c ,X)l m and v G S(V) wc now define d* v C £ M{V c ,X)* Xam by 

a£supp C 

It is immediately seen that d*£(<p) — C(d v p) for each tp G .M(fi, supp£, X), 
where f2 is an arbitrary open neighborhood of supp£. 
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11 Laurent operators 



In this section we discuss Laurent operators, originally introduced in pi| , Sec- 
tion 5, in the slightly different context of meromorphic functions with values 
in a complete locally convex space, whose singular locus is contained in an 
X-configuration. 

Let V and X be as in the previous section, let TL be an X-configuration and 
let £ be a complete locally convex space. 

We define M (Vc, TL, E) to be the space of meromorphic functions ip: Vc — ► E 
whose singular locus is contained in \JTL. If TL is real, we put TLv = {H Pi V \ H G 
Then M(V C ,H) = M(V C ,TL,C) equals the space M{V,TL V ) introduced in 

It is convenient to select a minimal subset X° of X that is proportional to 
X. Then for every X-hyperplane H C Vc there exists a unique an G X° and a 
unique first order polynomial Ijj of the form z i— > (ajj , z) — c, with c G C, such 
that if = Zjy (0). Note that a different choice of X° causes only a change of Ir 
by a non-zero factor. 

Let N w denote the collection of maps TL — ► N. 



Remark 11.1 If cf G N w , then for convenience we agree to write d(H) = for 
any X-hyperplane H not contained in 7i. 

If w C Vc is a bounded subset and d G N w we define the polynomial function 
TT^.rf: V c -> C by 



n 

Hew 



(11.1) 



Note that a change of X° only causes this polynomial to be multiplied by a 
positive factor. Let A4(Vc, Ti 1 d, E) be the collection of meromorphic functions 
(f G M(Vc,E) such that n^.sp G 0(u),E) for every bounded open subset w C 
Vc- We equip the space A^(Vc, H, d, E) with the weakest locally convex topology 
such that for every bounded open subset ui C Vc the map map ip i— » n Ut 4ip is 
continuous into 0(cJ, £). This topology is complete; moreover, it is Frechet if E 
is Frechet. 

We now note that 

M(V C ,H, E) = U deN nM(V c , H, d, E). (11.2) 

We equip N n with the partial ordering ^< defined by d! < d if and only if 
d'{H) < d(H) for all H G H. If d,d' are elements of N H with d! < d then 
M(Vc,W, d',E) G Ai(Vc, W, d, E) and the inclusion map id\d is continuous. 
Thus, the inclusion maps form a directed family and from ( I1.2j ) we see that the 



space A^(Vc, TL, E) may be viewed as the direct limit of the spaces M.(Vc, TC,d,E). 
Accordingly we equip M(Vc, TL, E) with the direct limit locally convex topology. 

By an X-subspace of Vc we mean any non-empty intersection of X-hyperplanes; 
we agree that Vc itself is also an X-subspace. We denote the set of such affine 
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subspaces by A — A(Vc,X). For L £ A there exists a unique real linear sub- 
space Vl C V such that L = a + Vlc for some a € Vc- The intersection V^ c R L 
consists of a single point, called the central point of L; it is denoted by c(L). 
The space L is said to be real if c(L) £ V; this means precisely that L is the 
complexification of an affine subspace of V. Translation by c(L) induces an afhne 
isomorphism from Vlc onto L. Via this isomorphism we equip L with the struc- 
ture of a complex linear space together with a real form that is equipped with 
an inner product. 

If L £ A, the collection of -AT-hyperplanes containing L is finite; we denote 
this collection by H(L,X). Moreover, we put X(L): = X CiV^r and X°(L): = 
X°nV L L . From the definition of X° it follows that the map H i— > an is a bijection 
from H(L,X) onto X°(L). Accordingly we shall identify the sets N W(L ' X) and 
is any A-configuration and d £ N w , we define the polynomial 
function q h .d by 

H£H(L,X) 



see also Remark [Ll.l| . Let X r be the orthogonal projection of X\X(L) onto Vl', 
then X r is a finite set of non-zero elements. Its image in L under translation by 
c(L) is denoted by Xl- If "H is an X-configuration in Vc, then the collection 

Hl'-= {HHL\ H £H, i^HHL^L} 

is an Xi-configuration in L; here L is viewed as a complex linear space in the 
way described above. 

We now assume that L £ A and that Tt is an X-configuration in Vfc. In 
accordance with iQ, Sect. 1.3, a linear map i?: M(Vc, T~t) — * M(L,Hl) is called 
a Laurent operator if for every d £ H N there exists an element Ud £ S(V^) such 
that 

Btp = UA(q L ,d<p)\L for all ^ £ M(V c ,H,d). (11.3) 

The space of such Laurent operators is denoted by Laur (Vc, L, H). 

Assume now in addition that 7i contains H(L,X). Then as in loc. cit. it is 
seen that, for R £ La.ur (Vc, L,H) and d £ N n , the element u d £ 5(V^) such 



that (11.3) holds, is uniquely determined. Moreover, it only depends on the 
restriction of d to H(L, X), and the associated string u R : = (u d \ d £ N' H ( i ' X )) 
belongs to S I < _(V£ L , X°(L)). As in to |Q, Lemma 1.5, the map R\-* ur defines 
a linear isomorphism 

L&uv(V c ,L,H)~S^(Vt,X Q (L)). (11.4) 

If E is a complete locally convex space, and R £ Laur (Vc, £, H) a Laurent 
operator, we may defin e a linear operator Re from M(Vc, ~H, E) to M(L, Hl, E) 
by the formula ( 11.3| ), for <p £ M(Vc,H,d,E) and with Ud equal to the d- 



component of ur. We shall often denote Re by R as well. 
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Remark 11.2 Here we note that the algebraic tensor product A^(Vc,H) (8> E 
naturally embeds onto a subspace of M.(Vc,H, E) which is dense. Thus, Re is 
the unique continuous linear extension of R® Ie- However, we shall not need 
this. 



Lemma 11.3 Let L € A and let TL be an X -configuration in Vfc containing 
H(L,X). Let R e Laur(Vx,L,W). Then for every d E N n there exists a d' £ 
N Hl with the following property. For every complete locally convex space E the 
operator Re maps M.(Vc, Tt, d, E) continuously into the space M(L, Hl, d' , E). 

Proof: This is proved in a similar fashion as 113], Lemma 1.10. □ 

We shall now relate Laurent operators to the Laurent functionals introduced 
in the previous section. Let X® be a minimal subset of X r subject to the condi- 
tion that it be proportional to X r . Let X® be its image in L under translation by 
c(L). Thus, with respect to the linear structure of L, the set X® is an analogue 
for the pair (L,Xl) of the set X° for the pair (V,X). 

Lemma 11.4 Let L G A and let 7i be an X -configuration in Vc containing 
TC(L, X). Let E be a complete locally convex space. 

(a) If ip £ A4(Vc, T~t, E), then for w 6 L \ UHl the function z ^ (p(w + z) is 
meromorphic on V^~ c , with a germ at that belongs to A4(V^- C , 0, X(L), E). 

(b) If C G MiVj^, 0, X(L))* am is an X(L)-Laurent functional in Vf^, sup- 
ported at the origin, then for cp 6 A4(Vc, H, E) the function 

£*(p:w i— > C(ip(w + ■ )) (H-5) 

belongs to the space M(L,H L ,E). The operator M{V C ,H) -» M(L,H L ), 



defined by (11.5) for E = C, is a Laurent operator. 



(c) The map C i— » £*, defined by (11.5) for E = C, is an isomorphism from 
the space M(Vj^ c ,Q, X{L))l am onto the space Laur (Vc, L, H). This iso- 
morphism corresponds with the identity on S<^(Vj^, X°(L)), via the iso- 



morphisms of Lemma 10.4 and eq. (11.4) 



Proof: See |ll|, Appendix B, Lemma B.3. □ 



Remark 11.5 In the formulation of (c) we have used that the spaces A4(Vj^ c , 0, X(L))^ aur 
and M(V^ C , 0, X°(L))^ UI are equal, see Lemma 10.3 . 

We now assume that Ti. is an X-configuration, and that L 6 A. If a G Vf^ c , 
then by 7ii(a) we denote the collection of hyperplanes H' in L for which there 
exists a H eH such that H' = L n [(-a) + H}. Thus, H L (a) = {T- a H) L and 
we see that Hl(ci) is an X^-configuration. If S C V^c is a finite subset, then 

Ul{S) = U aeS n L (a) (11.6) 
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is an X^-configuration in L as well. The corresponding set of regular points in 
L equals 

L\UH L {S) = {weL|Vae SVH G TL: a + w G H =s> a + L c H}. 

Corollary 11.6 Let L G A and let TL be an X -configuration. Let S C V^ c be 
a finite subset and let E be a complete locally convex space. 

(a) For every (p G M(Vc,TL, E) and each w G L\UTLl(S), there exists an open 
neighborhood f2 of S in V^ c such that the function ip(w + ■ ): z i— ► (p(w + z) 
belongs to M(n,X(L),E). 

(b) Let C G M(V^,X(L))i aul be a Laurent functional supported at S. For 
every (p G M(V C ,H, E) the function £*<p:L\ UH L (S) -> E dehned by 

C*ip(w):= £{<p(w+ •)) (H-7) 

belongs to M.{L 1 'Ht j {S),E). Finally, is a continuous linear map from 
M(V C ,H,E) to M(L,H L (S),E). In fact, for every d G N n there exists 
a d! G N Wl(s) , independent of E, such that £* maps M{V c ,H,d,E) 
continuously into M(L, Hl(S), d', E). 



Proof: It suffices to prove the result for S consisting of a single point a. 
Applying a translation by —a if necessary, we may as well assume that a = 0. 
Then H L {S) = H L (0) = H L - Let W be the union of H with H(L,X). Then 
M(V c ,n,E) C M(Vb,H',E) and (H')l =Ul =Hl{S), hence assertions (a) 



and (b) of Lemma 11.4 with H' in place of H imply assertion (a) and (b), except 



for the final statement about the continuity. 

For the final statement of (b), we note that by Lemma 11.4 (b), £* is a 
Laurent operator M{V C ,W) -> M(L,H L (S)). Let d:H -> N be a, map. We 
extend d to TL' by triviality on HI \ TL. Then according to Lemma |ll.3| there 
exists a map d': H.l(S) — > N such that for any complete locally convex space E 
the map 

£*:M{V c ,H',d, E) -> M(L,H L (S),d',E) 

is continuous linear. Since d is zero on W \ W, the first of these spaces equals 
M(Vc, T~C, d, E) and the asserted continuity follows. □ 



Lemma 11.7 Let L, H, S and C be as in Cor. [ZL|, and fix w £ L \ UH L (S). 
There exists a Laurent functional (in general not unique) £ G M(Vc, X)'^ am ., 
supported in w + S, such that C'(p = C(ip(w + ■ )) for all ip e M(V~c, H). 

Proof: As in the proof of Cor. 11. 6| we may assume that S — {0}. Let 
Tt = TL U Tt(w,X). Then £* : (p i— » £(ip (w + •)) is a Laurent operator in 
Laur (Vc, L, TL), according to Lemma 11.4 (b). On the other hand, it follows 
from Lemma 10. 5| (see Remark 10. 6| ) that there exists a (in general not unique) 
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A^-Laurent functional £" on L such that ip(w) — £"0ip w ) for each t/j £ O w (L). 
The functional -0 > £"{ip w ) is defined for V> £ M(L,Hl), and it may be viewed 
as a Laurent operator in Laur (L, {u>}, We,), which we denote by the same sym- 
bol £" (see |ll[] Appendix, Remark B.4). It now follows from p0| , Lemma 1.8 
that the composed map £" a £* belongs to Laur (Vc, {w }, and hence by p] 
Appendix, Remark B.4 it is given by an A-Laurent functional £' , supported 



at w. In particular, for ip £ A4(Vc,W) we have from Lemma 11.4 (b) that 
w i— > C(ip(w + • )) is holomorphic in a neighborhood of hence its evaluation 
at u> is obtained from the application of £" to it. Thus £(ip(w + •)) = £'<fi for 
<p£M(V C ,H). ' □ 

Recall from Section |l0| that AW (Vc, A, -E) is the union of the spaces (Vc, H, E) 
with 7i an A-configuration. 

Lemma 11.8 Let L £ A and let £ £ A4(Vfc, A(L))* aur be a Laurent func- 
tional. Then for any complete locally convex space E there exists a unique 
linear operator 

£*:M(V C ,X,E)^M(L,X L ,E) 
that coincides on the subspace A4(Vc,W, E) with the operator £» defined in 



Corollary 11.6, for every X -conhguration Ti in Vc 



Proof: Let Hi and H.2 be two A-configurations. Let S = supp (£) and let, for 
j = 1,2, the continuous linear operator £{: M(Vc, Hj, E) — > M(L,HjL(S), E) 



be defined as in Corollary 11.6 with Hj in place of Ti. Then it suffices to show 
that £\ and £\ coincide on the intersection of .M (Vc, Hi,E) and M(Vc, H.2,E). 
That intersection equals M. (Vc, Hi n H2, E). Let ^ be a function in the latter 



space, then from the defining formula (11.7) it follows that £\ip = £%<p on the 
intersection of the sets L \ UTijL(S), for j — 1,2. This implies that £\p and 
£\ip coincide as elements of A4(L). □ 

We end this section with another useful consequence. 

Lemma 11.9 Let £ £ M(V^ C , A(Z))j* aur . Let the hnite subset X ofV xV\ 
{(0,0)} be defined by X = (A x {0}) U ({0} x A). If $ £ M(V C x Vc, A), then 

(wi, w 2 ) >-> £($( • + wi, ■ + w 2 )) 

defines a function in M(L x L, X L ), where X L = (X L x {c(L)}) U ({c(L)} x X L ). 
In particular, the pull-back of \& under the diagonal embedding j: L — > L x L 
belongs to the space A4(L, Xl). 

Proof: Equip V^ x V^ 1 with one half times the direct sum inner product. 
Then the diagonal embedding 1: z 1— * (z, z) is an isometry of Vf~ into Vf~ x Vf~. 
Its adjoint is the map p: (z\,z-2) 1— > i(zi + z 2 ) from V^ - x Vf- onto V^ 1 . The 
intersection X{L): = X n (V^ x V^) equals (A(Z) x {0}) U ({0} x X(L)). 
Its image under p is given by A(L)o = iA(Z). Thus, according to Lemma 
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10.10, the space of X(L)o-Laurent functionals on Vj~ c is equal to the space of 
X(L)-Laurent functionals on V^ c . Hence, according to Lemma 10.14 and the 
remark following its proof, we have an associated push-forward map t* from 
M(V^,X(L))l uI toM(V^ c xV^,X(L)r iani . 

For generic w\, w 2 G L we define the meromorphic function <§>( w i> w 2> on x 

+ zi, W2 + Zi). The definition of <3> may now be 



,w 2 



rewritten as ty(wi, 

t*(£)($( u ' 1 ' tU2 - ) ), or, equivalently, in the notation of Lemma 11. 



)]. By (10.6) it follo ws tha t ^(w!,w 2 ) 



* = [i» (£)]*$. 

We now observe that Xl = (X)lxl- Hence it follows by application of Lemma 



11.8. that * G M(LxL,Xl). There exists an X^-configuration 7i in L x L such 

Any hyperplane H G 7i is of the form H = H X L or 

H. It now 
□ 



that 4- e M(L x L, TL). 

H = L x H, with H an X^-hyperplane in L. In both cases j^ 1 (H) 
follows that j~ 1 (TL) is an XL-configuration in L, and that j*^ G -M(Z/, Xl). 



12 Analytic families of a special type 

In this section we introduce a space £Q yp (X + : r: 8) of analytic families of ID(X)- 
finite T-spherical functions whose singular locus is a El-configuration. The defi- 
nition of this space is motivated by the fact that it contains the families obtained 
from applying Laurent functionals to Eisenstein integrals related to a minimal 
er-parabolic subgroup, as we shall see in the following sections, and by the fact 



that the vanishing theorem is applicable, see Theorem 12. 1C. 

In this section we fix a choice S + of positive roots for £ and denote by Po 
the associated minimal standard cr-parabolic subgroup. 



Definition 12.1 Let Q G V a and let Y C *aq qc be a Unite subset. We define 

C° p y hyp (X + :r) (12.1) 

to be the space of functions f: dg qc x X + — » V T , meromorphic in the first variable, 
for which there exist a constant k G N, a T, r (Q)-hyperplane conhguration TL in 
a.Q qc and a function d: TL — > N such that the following conditions are fulfilled. 

(a) The function A i-> fx belongs to M{a* Qqc , TL, d, C°°(X + : r)). 

(b) For every P G P" lln and v G JV^(a q ) there exist functions q s ^(P,v | /) in 
P fe (a q )®X(a^ qc ,H,d,C°°(X M : r M )), for s G W/W Q and £ G -sW Q Y + 
NA(P), with the following property. For all A G ag q( . \ UTL, m G X , v and 
a G A+{P), 

h(mav)= flSA_PP E a-Us, e (P,v\f,laga)(\,m), 

sew/w Q £e-sW Q Y+NA(P) 

(12.2) 
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where the A(P) -exponential polynomial series of each inner sum converges 
neatly on A+(P). 

(c) For every P G P™ in , v G N K (a q ) and s G W/Wq, the series 

a~ i q s ,d p > v \f Ao & a ) 

Ze-sW Q Y+NA(P) 

converges neatly on (P) , as an exponential polynomial series with co- 
efficients in the space M(aQ qc , H, d, C 00 (Xo 1 „ : tm.)). 

Finally, we define 

C ^ hyp (X + :r):^C^(X + :r). (12.3) 



Remark 12.2 Note the analogy between the above definition and Definition 
[HI In fact, let = ciQ qc \ L\fi, then it follows immediately from the definitions 
that the restriction of / to fi X X + belongs to Cg P y (X + : r: fi). Moreover, 
it follows from Lemma 7.3 that the functions q s ^(P,v\f) introduced above 
are unique, and that the notation used here is consistent with the notation in 



Definition 7.1. The precise relation between the definitions is given in Lemma 



12.5 below. 



Remark 12.3 In analogy with Remark 7J2 we note that the space ( 12.1 ) de- 
pends on Q through its er-split component Aq^. Moreover, it suffices in the 
above definition to require conditions (b) and (c) for a fixed P G P™° and all 
v in a given set W C A^-(a q ) of representatives for W/Wkhh- Alternatively, 
it suffices to require those conditions for a fixed given v € A^(a q ) and each 

P e Vf n . 

Finally, we note that Op oq = a q , hence *<Xp = {0}. Thus, if Q — Pq, we only 
need to consider the finite set Y — {0}. This explains the limitation in ( 12. 3| ). 



It follows from Remark 12.2 that the following definition of the notion of 



asymptoti c de gree is in accordance with the definition of the similar notion in 



Definition 7.1 



Definition 12.4 Let f G Cg P y yp (X + : r). We define the asymptotic degree of 
/, denoted deg a (/), to be the sm alles t integer k for which there exist 7i, d such 
that the conditions of Dehnition 12.1 are fulfilled. Moreover, we denote by TCf 
the s mallest Y, r (Q)-configuration in ag qc such that the conditions of Definition 
12.1 are fulhlled with k = deg a (/) and for some d:Hf — > N. These choices being 
Gxed, we denote by df the ^-minimal map Tif — * N for which the conditions of 
the definition are fulhlled. Finally, we put reg a (/): = ag qc \ UW/. 

If Q G Vrj, we denote by S r o(Q) the set of indivisible roots in H r (Q), i.e., the 
roots a G T, r (Q) with ]0, l]a D E r (Q) = {a}. Moreover, we put = E r0 (-Po)- 
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Let H be a £ r (Q)-configuration in ag qc and d: H — > N a map. If a; C ag qc is 
a bounded subset, we define tt u ^ as in ( |ll.l| ) with = dg q , X = S r (Q) and 
A" = S r o(Q). 

Lemma 12.5 Let Q G P^, F G *ttg qc a finite subset, H a E r (<5)-configuration 
in a Qqc and d £ N w . Assume that / G M(o Qqc , C°°(X + : r)). Then the following 
two conditions are equivalent. 

(a) The function f belongs to Cg P y yp (X + : r) and satisfies TLf <ZTL and df -< 
«/. 

(b) For every non-empty bounded open subset lo C cig qc , the function f Wu d : (A, x) 
7i"w,d(A)/(A,a;), wxX + ^l/ r belongs to C Q p y (X + : r : w). 

Moreover, if one of the above equivalent conditions is fulfilled, then for every 
non-empty bounded open subset lo C a qc and all P G P" m \ v G iVjf(a q ), 
s G W/Wq and £ G -sV^qF + NA(P), 

? S ,«( P > W I /*•„,,) = <fc lC (P,t> |/), (12.4) 

where on the right-hand side we have identified Tr^.d with the function l®7r W)( j®l 
in P(Oq) (8) 8) C°°(Xo, v : r). 

Proof: Assume that (a) holds and that lo C ag qc is a non-empty bound ed open 



subset. Put 7r = it(jj,d an d A = fir^ d - It follows from Definition 12.1 (a) that 



f n : lo x X + — > W is smooth and that /^a is r-spherical for every A G w. Thus, it 



remains to verify conditions (b) and (c) of Definition 7.1 for f n . Let P G P, 



and v G N K (a q ). For s G W/Wq and £ G -sWqF + NA(P) we define 
>l's,£( P > v U,X,\,m): = n(X)q s ^(P,v /, X, A,ro). 



Then conditions (b) and (c) of Definition 7.1, with k = dcg a / and with g(. ^ 
in place of q s ^, follow from the similar conditions of Definition 12.1. Thus, 
it follows that / w G C Q P Y (X+ :t:uo) and that ffitty holds for all P G P™ in , 



u G ^(a q ), s G W and £ G -sWqF + NA(P). 

Now assume that (b) holds, then it suffices to show that (a) holds. Let lo be 



a bounded non-empty open subset of dg qc . Then it follows from Definition 7.1 
that the function /„• = d : lo x X + — > V T is smooth; moreover, from condition 
(a) of the mentioned definition it follows that \ is r-spherical for every A G lo. 
Hence the map A i— > f v belongs to O(co, C°°(X + : r)). Since lo was arbitrary, this 
implies that A f\ belongs to M((Iq qc , H, d, C°°(X+ : r)). Hence / satisfies 
condition (a) of Definition |12.l| . Let now P G P™ in and v G N K (a q ). Then it 



remains to establish conditions (b) and (c) of that definition. 

If lo is a non-empty bounded open subset of Qg qc , then obviously the restric- 
tion to u> \ WH of the function f„ belongs to Cg P y (X + : t : lo\ U7i). Moreover, 
since 7r Wj( j is nowhere zero onu\ U7i, it follows from division by n^.d that the 
restriction /|( w \uw)xX + belongs to Cq Y (X + : t : lo \ UTi). Hence, in view of 
Lemma [7j| the function / belongs to Cq Y 0^+ '■ T '■ where f2: = Og qc \ UH. 
Let k = degj. 
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It follows from the division by n Ut d, that for every s G W and £ E —sWqY + 
NA(P), 

^,d(A)g s , € (P,v|/, - ,A) =q s>s (P,v\f w , -,A), (A€w\UW)- 

In particular, the function (X, A) i— > 7r Wj£ ;(A)(? s ^(P, « | /, X, A) belongs to the 
space -Pfc(ciq) (g) C^Xo,,, : tm ))- Si nce w is arbitrary, this implies that / 



satisfies condition (b) of Definition 12.1 



From condition (c) of Definition 7.1 with f n and w in place of / and f2, 
respectively, it follows that, for s G W, the series 

^2 a ~*n u ,d(X) q a ,t(P, w |/, log a, A) 

?G-slV Q Y+NA(P) 

converges neatly on A+(P) as a A(P)-exponential polynomial series with coeffi- 
cients in O(oj, C°°(Xo yV : r)). Since u> was arbitrary, it follows from the definition 
of the topology on M.(ag rr , , H, d , C°°(Xo !t , : tm)) (see Section[ll]) that / satisfies 



condition (c) of Definition 12.1 . □ 



Lemma 12.6 Let f G Cg P £ yp (X+ : r) andD G D(X). ThcnDf G C*Q P y yp (X^ 
Moreover, Hdj C H/, do/ ^ d/ and deg a P/ < deg a f. 



Proof: This follows from a straightforward combination of Lemma 12.5 with 
Proposition 7.£. □ 



If / G C?, P y yp (X + : t), then by Remark 12.2 the function / belongs to 



r : f2), with 17 = reg a f. Let k = deg a f. For P 6 P CT , v G ^(a q ), cr £ 



C cp (X + 

^/~P| Q andee-(7-F+NA r (P),let ^(P,« | /) e P fe (ap q )®0(0, C°°(Xp lt ,, + : r P )) 
be the function defined in Theorem 7.7. 



Lemma 12.7 Let Q G P CT and Y C *<iQ qc a finite subset. Assume that f G 

Cg P y yp (X + : r) andputk = deg a /. Let P G Per andu G A^x(ciq). Then, for every 
A G reg a /, the set Exp(P, v \ fx) is contained in W(X + F)| apq - p P - NA r (P). 
Moreover, let a G W/ ~p\q ■ Then 

(a) for every £ G -<r • Y + NA r (P), 

q^{P,v\f)EP k {a P ^)®M{ a * Qcic ,H f ,df,C°°OLp tV , + -.T P ))- 



(b) for every P > 1, the series 

a~ C <l<TA P i v \f> lo & a ) 

?e-o--r+NA r (P) 

converges neatly on Ap q (P _1 ) as a A r (P)-exponentiai polynomial series 
with coefficients in -M(a* c , Hf, d f , C°°(Xp iVl+ [R] : rp)). 
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Proof: Let fl = reg a /. Then / e C Q p y (X+ :t:Q). It follows from Theorem 
[7.7| that the assertion about the (P, v)-exponents of f\ holds. That (a) and 
(b) hold can be seen as in the last part of the proof of Lemma 12.5, with the 
reference to Definition 7.1 replaced by reference to Theorem |7.7| . 



□ 



The following definition is the analogue for Cg P y yp (X + : r) of Definitions |9.1| 



and R. 5. 



Definition 12.8 Let Q € V a and 5 6 Dq. Then for Y C *a Qqc a finite subset 
we define 

to be the space of functions f 6 Cg P y yp (X+ : r) (see Definition 12.1 ) such that, 
for all A G reg a (/), the function f\:x i— ► f(X,x) is annihilated by the cofinite 
ideal Is,\. Moreover, we dehne 

£ Q yp (X + :r:£): = (J £%» (X + : r : 5). 

yC * QqC finit ° 

The spaces 

£ Q,y( X -+ : T : ^)giob, ^q YP (X+ : r : 6) g i oh 

are defined to be the spaces of functions fin £gy (X+ : r : <5), resp. £g yp (X + : r : (5), 
for which the condition in Definition 9.5 is satisfied by the restriction to fl = 
reg a /- 

Finally, we define 

4 yp (X + : r : 6): = 4 yp (X + : r : 5), £> lyp (X + : r : £) glob : = £^(X + : r : <5) glob 
for 6 e D Po . 



Remark 12.9 Combining Lemmas 12.5 and |9.4| we see that, in the above def- 
inition of £ 1 Qy(X + : t : 5), it suffices to require that annihilates f\ for A in 
a non-empty open subset of reg a (/). 

We now come to a special case of the vanishing theorem that will be partic- 
ularly useful in the following. Let W C iV^-(o q ) be a complete set of represen- 
tatives for WQ\W/WKnH- 

Theorem 12.10 (A special case of the vanishing theorem) Let Q £ V a and 
let S 6 Dq. Let f e £g yp (X + : r : §) s i b and let SI' be a non-empty open subset 
of regj. If 

\- pq £ Exp(Q,u | fx) 
for each u e Q W and all A e ft', then f = 0. 



81 



Proof: Put £1 = reg a (/). It follows immediately from the definitions that the 
restriction /n of / to SI is a family in £q(X + : t: ft: <5) g i b- Moreover, being the 
complement of a locally finite collection of hyperplanes, is Q-distinguished in 
a <2qc- It follows that fa satisfies all hypothesis of Theorem 9.10; hence fn = 
and hence / = 0. □ 



13 Action of Laurent functionals on analytic fam- 
ilies 

Let Q G V a be fixed. We shall discuss the application of a Laurent functional 
C G M(*a* Qqc , Sq)i* aur , to families / G Co P,hyp (X+ : r). More precisely, we want 
to set up natural conditions on / under which the family obtained from applying 
C to / belongs to £q YP (X + : r : <5) g i b, so that Theorem 12.1C is applicable. 

Given a E-configuration H in a* c and a finite subs et S C *dg qc we define 
the E r (Q)-configuration Hq{S) = Wa« C (S) as in (|ll.6| ), with V = a*„, X = E, 
and L = ag qc . Thus, for i/ 6 ag qc we have 

vi\JH Q {S) <=^> SVH eH: X + u e H ^> X + a* Q c H }. 



We recall from Lemma 11.8 that a Laurent functional C G A^(*ag qc , Eg)* aur 
induces a linear operator 

£*: VW(a* c , E, E/) - 7W(a Qqc) E r (Q), C/), (13.1) 

for any complete locally convex space U. 

Lemma 13.1 Let C G M(*aQ qc , EQ)* aur and put Y = supp£. Let H be a E- 
configuration in o* c , and Jet H' — TLq{Y). Then for every map d:H — » N there 
exists a map d':TC' — > N such that, for every complete locally convex space U, 



the linear map (13.1) restricts to a continuous linear operator 
£*:M(a* qc , H, d, U) X(a Qqc , W, d', £/), 

Proof: This follows immediately from Corollary 11. 6| . □ 



For the formulation of the next result it will be convenient to introduce a 
particular linear map. Let C G M.(*a.Q qf: , Eg)* aur and let Ao G Y: — supp£. 
Let C\ a G M( *a* „, Eq)^ be the Laurent functional supported at Ao, defined 
as in Remark |10.9| , and let U be a complete locally convex space. If P G V a 
and s G Wp\W, then we define the linear operator £ A '* from M(a qc , E, [/) into 
C(a Pq ,M(a* Qqc , E r (Q), 17)) by the formula 

^^"1 = e - s(Ao+ ^ )(x) /:A 4e s( - )(x V(-)]M, (13.2) 

for ip G JW(a* c ,ft, C/), X G o Pq and v G a* Qqc \ UH Q (Y). 
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If / G CQ P,hyp (X + : r), then /, viewed as the function A ^ f x , belongs to 
the complete locally convex space ,M(a* c , Hf, df, C°°(X + : r)). Accordingly, 



£J eM(a* Qqc ,H',d',C°°(X + : r)), 



(13.3) 



where Ti' = TifQiY) and d':H' — > N is associated with C,Hf and d/ as in 
Lemma 13.1. We note that by definition 



£„/(!/, x) = £[/( • + i/, a;)], (1/ G a* Qqc \ UW', a; € X+) 



(13.4) 



Proposition 13.2 Let Q e P a and let C E M(*aQq, £<g)* aur be a Laurent 
functional with support contained in the finite subset Y C *&Q qc - Assume that 
f e C cp ' hyp (X+ : r), and Jet k = degj. 

(a) The function C*f, defined as in ( jl3.^ , belongs to the space Cg P y yp (X + : r). 
Moreover, W/;,/ C W = H fQ (Y) and deg a £»/ < k + k' , with k' G N a 
constant only depending on C,TLf and df. 

(b) LetP 6 P^t! 6 N K {a q ). Then, for a G and£ G -a-F +NA r (P), 



P.s 



>i|«p„+«»4r(P) 



9^A| ap +4 (P,«|/)(X, •) 



(13.5) 



for alZ I e up, and v G ciQ qc \ UW'. In particular, 
Exp(P,« | (£*/)„) 

c { s (^ + A)| apq -pp-Hse^Aey^e NA r (P), ^(P, « | /) ^ 0}. 



Remark 13.3 Note that the index set of the inner sum in (13.5) may be empty. 
We agree that such a sum should be interpreted as zero. 

The following lemma prepares for the proof of the proposition. 

Lemma 13.4 Let C G M.(*aq qc , £<g)* aur be a Laurent functional with support 
contained in the finite set Y C *&Qqc- Let H be a ^-configuratio n in g * r and 



rf:W-tNa map. Let Ti! = Hq{Y) and d':W -> N be as in Lcmma \13.l\ . There 
exists a natural number k! G N with the following property. 

For every A G Y, every P G each s G Wp\W and any complete locally 
convex space U, the operator C^'l restricts to a continuous linear map 

C*£: M(a qc ,H,d,U) - P k ,(a Pq )®M(a* Qqc ,H',d',U). 



Proof: For a fixed X G ap q , multiplication by the holomorphic function 
e s ( • ) W : a * c _» c yields a continuous linear endomorphism of the space A^(a* c , 7f 



S3 



similarly, multiplication by the holomorphic function 



-s(Xo+-)(X). a * 



Qqc 



C 



yields a continuous linear endomorphism of M(Og qc , H',d', U). It now follows 



from ( 13.2 ) that for a fixed X G ap q , the function C x '^ip{X) belongs to the 
space A4(<XQ qc , W, d', U) and depends continuously on ip. Thus, it remains to 
establish the polynomial dependence on X. 

For any E-hyperplane H C a qc we denote by an the root from £j such 



that if is a translate of aj^ c . 



Let E+ : 



= S Q n and let d n : E 



be 



defined by do (a) = d(o i" L + A ); thus do (a) = if a x + A ^ W. We define 
tto = ^Ao.do as m ( 10-1 ) with *Og q ,Ao,Sg and do in place of V,a, X and d, 



respectively. If </3 G ,M(a* c , Ti, d, [/), then for v G ag qe \ UW, the germ of the 
function ip v :\ i— > ^(A + !>) at Ao belongs to 7r _1 OA (* a Q qC j ^0- Hence there 
exists a constant coefficient differential operator uq G S(*Oq ), independent of 
U, such that 



£\oM") = u oM •)</>(• + v)](Xo), e o Qq \ uW) 



(13.6) 



for any G .M(a qc , W,d, £/). Inserting (13.6) in (13.2) we find that 

f) = e-^^)W Uo [e s( - + ^ X) 7r (-M- + f)](A„) 
= e -^)W Uo [e s (-)W7r (.)^(- +^)](A ). 

By application of the Leibniz rule it finally follows that this expression is poly- 
nomial in the variable X of degree at most k'\ = order(ito). □ 



Proof of Proposition 13.2: By linearity we may assume that supp C consists 



of a single point A G *ahqc- Let H = H f an d d = d/, and let d'-.H' — > N and 



k' G N be associated as i n Lem mas 13.1 and 13. 4[ We will establish parts (a), 
(b) and (c) of Definition 12.1 for £*/ with k, TL and d replaced by k + k', TC 
and d'. Note that part (a) was observed already in ( 13.3 ). Put ft: = a.Q qc \ UW'. 
Then, in particular, the function £*/: £1 x X + — > V T is smooth. 



We will establish parts (b) and (c) of Definition 12.1 by obtaining an expo- 
nential polynomial expansion for (£*/)„, for v G f2, along P G V™ m . However, 
having the proof of (13.5) in mind, we assume only P G Per at present. Let 
v G Afc(dq). Then / G {0} (X+ : r : a* c \ UW) by Remark HJ. Hence by 
Lemma 12.7 and ( [7.13] ) we obtain, for A G a* c \ UW, 



f(X,mav)= ^ fs{\a,m), (meX P ^ + , ae4,(%H *))) 

(13.7) 

where the functions f s on the right-hand side are defined by 

f s (X,a,m) = a sX -P p ^ a -/i <JV (P, v | /) (log a, A, m). (13.8) 

/iSNA T .(P) 
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Here the functions q s ^(P, v | /) belong to the space Pk {ap q ) ®M(a* c ,Tt, d, C°°(Xp j „ i 
By Lemma 12.7 (b), for every R > 1 the series in (13.8) converges neatly on 
Aj q (i? _1 ) as a series with coefficients in M(a^ c , H, d, C°°(Xp >v>+ [R] : Tp)). By 
( p. 3 .2[ ) we have, for v G O, m G X Pi „ i+ [-R] and a G Ap q (i? _1 ) 

£,(/0faa,m) = a'^ + *>->*££:[ ]T a^q^v \ /)(logo, • ,m)](]oga,i/). 

/iSNA r (P) 



It follows from Lemma 13.4 that /C^'* may be applied term by term to the series. 
Moreover, the resulting series is neatly convergent on Ap q (i? _1 ) as a A r (P)- 
exponential polynomial series with coefficients in A4(a.Q q( ,, Ti! , d', C°° (Kp >Vt +[R] : Tp 
The application of thus leads to the following identity, 



qtJP,v\f)(loga,v,m), (13.9) 



AiGNA r (P) 



where the function q%AP, v\ f):ap q x f2 — » C°°(Xp !t ,^ + : Tp) is given by 
<l£u{P,v |/)(loga,z/) = C?'*[q SllJ ,(P,v\f, log a, -)](loga,^). 



(13.10) 



Using Lemma 13.4 we deduce that 

1sAP,v\f) e J P fe+fc '(ap q )®X(a Qqc ,^',d',C 00 (Xp^ + : r P )). 

Combining ( |l3.9| ) with ( p^ ) we obtain an exponential polynomial expansion 
along (P, v) for the r-spherical function as 



(C*f)v(mav) 



E 



S(\ + V )-pp 



M SNA r (P) 



(13.11) 



If s G Wp\W and ^ G a Q qC ; then |a Pq = [s] ^| aPa , where [s] denotes the class 
of s in W/ ~p|q ■ It follows that the series in (13.11) may be rewritten as 



E ^" 

<j£W/~piq 



E a sX °-»q^(P,v\f)(loga,v,m). 



si=Wp\W,[s]=o 



The exponents s\q -/i as s £ W^W 7 , [s] = a and ^ G NA r (P), are all of 
the form with £ G — cr • {A } + NA r (P). Thus, we see that, for v G fi, 
m G Xp^, + [i?] and a G ^^(i?^ 1 ), 

(£*/)„ (maw) = ^ a av ~ pp ^ q at( (\oga,v, m) 

aeW/~ PlQ fe-o-{A }+NA r (P) 

(13.12) 
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with 



Q<r,Z 



E 

s£W P \W, [s] = o 
oloj, q - 



(P,v\f) 



(13.13) 



G P k+k ,(a Pq )®M(a Qqc ,H',d',C x (X P , v , + : t p )). 



From what we said earlier about the convergence of the series in (13.9), it follows 
that, for every R > 1, the inner series on the right-hand side of (13.12) converges 
neatly on Ap q (i? _1 ) as a A r (P)-exponential polynomial series with coefficients 
in the space M(a Qqc , H', df, C°°(X P , V>+ [R] : r P )). 

If P is minimal, then ~Kp jVj +[R] = Xo,u and we see that £*/ satisfies condi- 
tions (b) and (c) of Definition |12.1| with q a ^{P,v \ £*f) — q a ^ for a £ W/ ~ p \q 
= W/Wq. This establishes part (a) of the proposition. 

For general P we now see that the functions q a ^ in trod uced above coincide 
with fu nctio ns g a ^ {P, v \ £*.f) introduced in Theorem \l.7\ Finally, combining 
( 13.13 ) and ( 13.10 ) we see that we have established part (b) of the proposition 
as well. □ 



Lemma 13.5 Let 8 G D Po and f G £o yp (X + -r:S). Let Q £ V„ and C G 

■ / ^(* a Qqc ^Q)faur' an( ^ P ut ^ = SU PP £• There exists a 5' £ Dq such that 

C,fG£ Q ^(X + :T:8'). 



Proof: It follows from Proposition 13.2 that £»/ G Cg P y yp (X + : r). Moreover, 
reg a £*/ D n = <Xq qc \ HfQ(Y). Then in view of Definition 12. £ and Remark 



12.9 it suffices to establish the existence of a <5' G Dq such that, for every v G 51, 



the function (£*/)„ is annihilated by the cofinite ideal Is> H „. 

By linearity we may assume that supp C consists of a single point Ao £ * a Q qc - 
Then C = C Xo ■ 

Let 7i"o,ito be as in the proof of Lemma 13.4. Then from (13.6) we see that 

(£*f) v (x) = uo[tto( • )/( • + v,x)](\ ), 

for x G X_|_, v G f2. Moreover, since (X,x) i— > iro(\)f\ + „(x) is smooth in a 
neighborhood of {Ao} x X + , it follows that, for D G D(X), v G 51 and x G X+, 



D{£*f)v{x) = u Q [ir ( • )£>(/. +,)(x)](A ) 



(13.14) 



Put Z = order(wo) and define 8' G Dq by supp<5' = {Ao} + supp 5 and 5'(Ao + 
A) = 5(A) + Z for A G supp<5. It suffices to prove the following. Let elements 
Df G D(X) be given for £ = 1, ... , (5(A) + Z, for each A G supp 8, and define the 
differential operator 



5(A)+l 

D " : = II II (A A -7(A A ,A + A + ^)) GB(X) 

AEsupp S i—1 



(13.15) 



S(i 



for v £ Og qc . Then D v annihilates (C*f) u for each v £ ft. 
It follows from ( p^l| ) and ( p.3.14| ) that 

D v (£*f) u (x)=u [ir (-)D u f. +u (x)}(\ ) 



(13.16) 



where the dots indicate a variable in *ag qc - We write each factor in D u as 

A A -7(A A ; Ao + A + ^) 

= [£>A - 7 (£> A , • + A + !/)] + [ 7 (£>f, • + A + v) - j(D A , A + A + v)], 



also with variables in *flg qc indicated by dots. Inserting this into (13.15) and 
(13.16) we obtain an expression for D y (C^f) v (x) as a sum of terms each of the 
form 



where 



and 



«ofa>(0 II P A (-)D A (-)f. +v (x)}(\ ), 

AfEsupp 5 

D A (\) = n[A A -7(A A ,A + A + ^)] 
P A (A) = J] A + A + v) - 7 (A A , A + A + i/)] 



(13.17) 



with 5a a subset of {1, . . . , 5(A) + 1} and 5 A its complement in this set. On 
the one hand, if 5a has fewer than 5(A) elements for some A, there are at least 
/ + 1 factors in the corresponding product p A . Si nce eac h of these factors vanish 
at Ao, it follows from the Leibniz rule that then ( 13.17 ) vanishes. On the other 
hand, if for each A the set 5a has at least 5(A) elements, then the differential 
operator Y[\ D A (X) annihilates fx+v, again causing (13.17) to vanish. It follows 
that D v (C*f) v (x) =0. □ 



In the following definition we introduce a notion of asymptotic globality that 
is somewhat stronger than the one in Definition 8.4. It is motivated by the fact 
that it carries over by the application of Laurent functionals, as we shall see in 
Proposition 13. £ 



Definition 13.6 Let Q £ V a , and let Y C *ag qc be finite. Let P £ V*, 
v £ N K (a q ) and a £ W/~ p \q . 

(a) Let VL C ciQ qc be an open subset. A family f £ Cg P y (X + : r: f2) is 
called holomorphically a-global along (P, v) if there exists a full open 
subset f2* of ciQ qc such that, for every £ £ —a ■ Y + NA r (P), the function 
A !— ► q<j,z(P, v | /, ■ )(A) is a holomorphic Pk(ap q ) <8> C QC (Xp yV : Tp)-valued 
function on J7* n Q, for some k £ N. 

(b) A family f £ CQ P y yp (X + : r) is called holomorphically a-global along 
(P, v) if its restriction to il = reg a / is holomorphically a-global along 
(P,v), according to (a). 



87 



It is easily seen that the property of holomorphic globality according to (a) 
of the above definition implies the globality in Definition 8.4. We have the 



following analogue of Lemma 3.7, describing how the property of holomorphic 



globality transforms under the action of Nk (<*q)- 



Lemma 13.7 Let Q, Y , P, v and <r be as above, and let f £ Cg P y lyp (X + : r). 

If f is holomorphically a-global along (P, v), then f is holomorphically uu- 
global along (uPu -1 , uv), for every u G iVft-(a q ). 



Proof: The proof is com pletel y analogous to the proof of Lemma p.7| , involving 
an application of Lemma 7.10. □ 



Proposition 13.8 Let Q e V a , Y C ug qc 

v e N K (a q ) and a e W/ ~ P |q . Let f e C* Q P y. lyp (X + : r) and put H = Hf, 
d = df and k = deg a /. 

The family f is holomorphically a-global along (P, v) if and only if, for every 
element £ S —a ■ Y + NA r (P), the function A i— > q a ^(P,v | /, • )(A) belongs to 
the space M (a Qqc , H, d, P k (a Pq ) ®C°°(Xp !t ,: r P )). 

Proof: The 'if '-statement is obvious. Assume that / is holomorphically er- 



global along (P,v), and let £ G —a ■ Y + NA r (P). According to Lemma 12.7, 
the function 

\»q a , £ (P,v\f,-,\) (13.18) 

belongs to the space 

M(a* Qqc ,H,d, P k (a Pq ) ® C 00 ^^ : r P )). (13.19) 

Let fi = reg a (/) a nd le t fi* be a full open subset of ag qc satisfying the 
proper ties of Definition 13. (\ (a) for the r estrict ion of / to f2. Then the function 



( 13.18 ) not only belongs to the space ( 13.19] ), but also to the space 0(f2* n 



Q,Pi(ap q ) <g> C°°(Xp^ : Tp)), for some I £ N. In particular we see that this is 
true with I = k. 



Let now X S ap q be fixed. Then it suffices to show that the function ( 13.18| ), 
with X substituted for the dot, belongs to the space (ag qc , H, d, C co (Xp yV : Tp)). 
To prove the latter, we fix an arbit rary b ounded non-empty open set u> C flg qc 



and put 7r: = see above Lemma 12.5. Then the function F: wxXp i0)+ — > V T , 
defined by 

F(A,m)=7r(A) q^(P,v\f,X, A)(m) 

is C°° and holomorphic in its first variable. Moreover, let luq be the full open 
subset uo (~l O* fl ft of u>. Then by what we said above, the restricted function 
^|w xXp „ + admits a smooth extension to the manifold luq xXp„. It now follows 



from Corollary 18.2 that F has a unique smooth extension to ui x Xp )tI ; this 
extension is holomorphic in the first variable. It follows that the function A 
Tr(X)q cr ^(P, v | /, X, A) belongs to 0(ui,C°°(Xp yV : Tp)). Since ui was arbitrary, 
this completes the proof. □ 
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Proposition 13.9 Let / G Cq pMp (X + : r), let Q € V a and let £ be a Laurent 
functional in M(*aQ qc , Sg)* aur . Put Y = supp£. Let P G V a , v G N K (a q ) and 

aeW/~ PlQ . 

If f is holomorphically s-global along (P, v) for every s S M / p\T / F with [s] = 
<t, then £*/ G Cg P y lyp (X + : r) is holomorphically a-global along (P, v). 



Proof: It follows from Proposition 13.2 (a) that Cf G Cg P y yp (X + : t). Assume 



that / satisfies the globality assumptions. Then it remains to establish the 
assertion on c-globality for £*/. 

Let k = deg a /. Let H = Hf, d = df and TL' = Hq( Y). Moreover, let 
d': H' — > N be associated with these data as in Lemma 13.1 and let k' £ N be 



associated as in Proposition 13.2 (a). According to the latter proposition, the 
set fi' = Og qc \ LlW is contained in reg a (£*/). 

Let £ e -ct • y + NA r (P). Moreover, let s E Ifp\If be such that [s] = a 
and let Ao G Y be such that 77:= sAo| aPq + £ belongs to NA r (P). Then by 
Proposition 13.?, the function 



A >-> g SlT) (P,i;| /, • , A) 



belongs to 7W(ag qc , H, d, Pfc(ap q ) ® C°°(Xp !t , : t p )). Using Lemma |13.4| with 
C 00 (Xp. i; : rp) in place of U, we see that, for A G op q , the function 



fx- 



C%l[q., v (P,v\f,X, •)] 



belongs to M(aQ V ,H' , d' , Pk> (ap q ) ® C°°(Xp 1 , : rp)). Moreover, it depends on 
A G ap q as a polynomial function of degree at most k. It follows that the 
function (v,X) 1— » ( ( 5x(^)(A) belongs to the space 

A4(a^ qc ,W',d',P fc+fc ,(ap q )®C 00 (Xp,: rp)). (13.20) 

Each term in the finite sum ( |13.5| ) is of this form. Hence the function 

(y-> A) i-> q<r,z(P, v\£*f, A, 1/) 



belongs to the space Q13.20D as well. This holds for all £ G -cr • Y + NA r (P). 
Therefore the restriction of £*/ to reg a (£*/) satisfies Definition 13. 6| (a) with 

o* = n'. ' □ 



The following definition is an analogue of the final part of Definition 12.8 
replacing the globality condition by a condition of holomorphic globality. 



Definition 13.10 Let Q G T a and let 6 G D Q . We define 

^Q yP ( X + : T - ^)hglob 

to be the space of functions / G £g yp (X + : r : S) satisfying the following condi- 
tion. 



S!) 



For each s £ W and every P £ V\ with s(oQ q ) (£ ap q , the family f is 
holomorphically [s]-global along (P, v), for all v £ Afc (a q ); here [s] denotes 
the image of s in W/~ p \q = Wp\W/Wq. 



IfYc *cIq is a finite subset, we define 



Qqc 
phyp / Y 



<5)hglob = £q YP (X_, 



<5)n^ yp (x H 



lob- 



'Q YP ( X + : r: <5)hglob C £q YP 

Lemma 9.7 the above condition allows a reduction to a smaller set of (s,P) 



It is easily seen that £q P (X + : r: <5)h g iob C £q YP (X + : r: 5) g i b- As in 



Lemma 13.11 Let Q £ Pa- be standard, let S £ Dq and / G £q YP (X+ : t : S). 

Then f belongs to £g YP (X + : r : <5)h g iob if and only if the following condition is 
fulfilled. 

For each s £ W and every a £ A with s~ 1 a\ aQci ^ 0, the family f is 
holomorphically [s]-global along (P a ,v), for all v £ A^-(a q ). 



Proof: The proo f is s imilar to the proof of Lemma p.7| , involving Lemma [13.7 
instead of Lemma 8.7. □ 



We now come to the main result of this section, which provides a source of 



functions to which the vanishing theorem (Theorem 12. 1C) can be applied 



Theorem 13.12 Let S £ D Po and f £ £o yp (X+ : T - <*)hglob, let Q £ Pa he a 
standard cr-parabolic subgroup and let C £ M(*aQ qc , Eq)^ ui . Put Y = supp£. 
Then there exists a 6' £ Dq such that 



£,/€^ yp (X + : r: 5% 



lob- 



Proof: From Lemma 13.5 it follows that £»/ is a family in fg yp ,(X + :t:S') 
for some 5' £ Dq. Let s £ W and a £ A be such that s~ 1 a| aQq ^ 0. Then 
every t £ W sWq also satisfies the condition i _1 a| aQq ^ 0; hence i(aQ q ) (£_ a aq . 
Thus, from the hypothesis it follows that / is holomorphically Wq£-global along 



[P a , v) for every t in the double coset W a sWQ. According to Lemma 6.5, see also 
Remark 3.6, the latter set equals the class [s] of s for the equivalence relation 
~P a |Q in W. It now follows from Proposition 13.9 that is holomorphically 



s]-global along (P Q , v). We conclude that £*/ satisfies the conditions of Lemma 

'hyp , 



13.11, hence belongs to £q YP (X+ : t : 6')h 



glob- 



□ 



14 Partial Eisenstein integrals 

In this section we will define partial Eisenstein integrals and show that they 
belong to the families of cigenfunctions introduced in the previous section. 
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We start by recalling some properties of Eisenstein integrals. Let P G "P™ m 
be a minimal cr-parabolic subgroup. Let (r, V T ) be a finite dimensional unitary 
representation of K. Let W C A^(a q ) be a fixed set of representatives for 
W/Wkhh- Following eq. (5.1), we define the complex linear space °C = °C(t) 
as the following formal direct sum of finite dimensional linear spaces 

°C:=(B we w C°°(Xo, w :tm). (14.1) 

Every summand in the above sum, as w G W, is a finite dimensional sub- 
space of the Hilbert space L 2 (X _ W ,V T ); here the L 2 -inner product is defined 
relative to the normalized M-invariant measure of the compact space X 0jIU = 
M/M n wHw -1 and the Hilbert structure of V T . Thus, every summand is a 
finite dimensional Hilbert space of its own right. The formal direct sum °C is 



equipped with the direct sum inner product, turning (14.1) into an orthogonal 
direct sum. 

For %j} G °C, X G a* c and x G X, the Eisenstein integral E(ip : A : x) — 
E(P : -0 : A : x) and its normalized version E°{ip : A : x) = E°(P : ip: A : x) are 
defined as in ||, § 5. The Eisenstein integrals are r-spherical functions of x, de- 
pend meromorphically on A and linearly on ip. We view E° (A : x):= E° ( • : A : x) 
(and similarly its unnormalized version) as an element of Hom(°C, V T ) ~ V T ® 
°C*. Thus, for generic A G a* c , E°(X) is a r 1-spherical function on X. The 
connection between the unnormalized and the normalized Eisenstein integral is 
now given by the identity 

E°(X: x) = E(X: x)oC(l: X)- 1 , (i 6 X), (14.2) 

for generic A G a* c . Here C(l : A):= Cp|p(l: A) is a meromorphic End(°C)- 
valued function of A G ciq C ; see @, p. 283. 

The Eisenstein integral is D(X)-finite. In fact, we recall from ||, eq. (5.11), 
that there exists a homomorphism \i from D(X) to the algebra of End(°C)-valued 
polynomial functions on a* c such that 

DE°{X) = [I ® fi(D : \)*}E°(\), (D G B(X)). 



It now follows from Lemma |5.3| that, for generic A G a* c , the Eisenstein integral 
E°(X) belongs to C cp (X + : T(g)l). It therefore has expansions of the form fl2.12| ). 



These expansions have been determined explicitly in m. We recall some of the 
results of that paper. 

In eq. (15), we define a function $p(A : • ) on A^(P) by an exponential 
polynomial series with coefficients in F,nd(Vj lInKnH ) of the form 

4>p(A: a)=a x -?r ^ ^Tp^A), (a G A+(P)). (14.3) 

ueA(P) 

Note that here P replaces the Q of ffl, Sect. 5; also, inS we suppressed 



the Q in the notation. The coefficients in the expansion (14.3) are defined by 
recursive relations (see ||, eq. (18) and Prop. 5.2); it follows from these that 
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the coefficients depend meromorphically on A, and that the expansion (14.3) 
converges to a smooth function on A£(P), depending meromorphically on A. In 
fact, we have the following stronger result. 

Let IIs.r be the collection of polynomial functions a* c — ► C that can be 
written as finite products of linear factors of the form A m (A , a) — c, with 
aeS and cel. For P G ffi, we define the set 

0*(P, P): = {A G a* c | Re (A , a) < R Va G S(P)}. 



Lemma 14.1 Let R G R. Then there exists a polynomial function p G lis,® 
such that the functions pTp :V , for v G NA(P), are ah regular on a q (P,R). 
Moreover, if p is a polynomial function with the above property, then the series 

]T a->(-)rp,,(-) (14.4) 

!/£NA(P) 

converges neatly on A+(P) as an exponential series with coefficients in 0(a*(P, P))(g) 
End(T/ r MnKnff ). In particular, the function (a, A) i— ► p(A)<l>p(A : a) is smooth on 
A£(P) x a*(P, P), and in addition holomorphic in its second variable. 

Proof: Let pr be the polynomial function described in ||, Thm. 9.1. As in 
the proof of that theorem, it follows from the estimates in Thm. 7.4, that 
the power series 

*(A:z)= ^ «-"p«(A)rp )I/ (A) 
^eNA(P) 

converges absolutely locally uniformly in the variables z G T> A ( p ' and A G 
a*(P, P). Here we have used the notation of Sect. 1 of the present paper. Since 
Pp(A)$p(A: a) = a A_pp *(A: z(a)), for a G A+(P), this implies all assertions 
of the lemma with pp in place of p. 

This is not immediately good enough, since pp is a finite product of linear 
factors of the form A h (A, v) — c, with ^ G NA(P) and c G K, see [B, the 
equation preceding Lemma 7.3. To overcome this, we invoke Prop. 9.4. 
It follows from that result and its proof that there exists ape Hj^r such that 
jTp,, is regular on a*(P, P), for every z/ G NA(P). Let p be any polynomial with 
this property, and let s p be the least common multiple of p and pr. Then all 
assertions of the lemma hold with v p in place of p. Let q be the quotient of 'p by p. 
Denote the image of the linear endomorphism m q : ip i— > gy? of C(a*(P, P)) by J 7 , 
and equip this space with the locally convex topology induced from C(a*(P, P)). 
It follows from an easy application of the Cauchy integral formula that m q is 
a topological linear isomorphism from C(a*(P, P)) onto J 7 ; see also [g, Lemma 
20.7. As said above, all assertions of the lemma hold with x p in place of p; on 



the other hand, by the hypothesis the series (14.4) with s p in place of p has 
coefficients in T. Applying the continuous linear map m^ 1 to that series, we 
infer that all assertions of the lemma are true with the polynomial q^ 1 ^ = p. 
□ 
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Following ||, Sect. 11, we define the function $p tW : a* c xA+(P) — * End(Vy 
for w G W, by 

®p, w (\: a) = t(w) o $ w -i Pw (w~ 1 \ : w _1 (m«)ot(u;) _1 . (14-5) 

Following ||, p. 283, we define normalized C-functions C°(s : A) = C p ^ p (s : A), 
for s 6 W, by 



C°(s: A) = C(s : A)oC(l: A) -1 ; 



(14.6) 



these are End(°C)-valued meromorphic functions of A G a* c . From ( 14. 1 ) and j8|, 
eq. (54), we now obtain the following description of the normalized Eisenstein 
integral in terms of the functions $j>„. Let ip G °C and w G W. Then, for 
a G A+(P), 

E°{\: aw)^ = *j»,n,(*A: a)[C7°(a: A)^]™(e), (14.7) 

sEff 

as a meromorphic identity in A e a*. 

From (14.5) and ( 14.3Q it follows that, for w G W, the function $p iW is given 
by the series 



i/£NA(P) 



(14.8) 



with coefficients 



Tp <w , v (\) =t(w)oT w -i Pww -i v (w 1 X)ot(w) 



(14.9) 



We now have the following result on the convergence of the series (14. 



Corollary 14.2 Lctw G W. Then there exists a locally finite real Ti-hyperplane 
configuration TL = TL W in o* c and a map d — d w : Ti — ► N, such that the func- 
tions T PtW>v belong to M{a* (lc ,n,d,Y,nA{V^ nwHw ~ 1 )), for every v G NA(P). 
Moreover, the series 



/] a "rp iK|1/ 

veNA(P) 



(14.10) 

converges neatly on (P) as an exponential polynomial series with coefficients 
in the space M(a qc ,H,d,End(V T KMnwHw ' 1 )). tn particular, the function A i-> 
$P !l0 (A : • ) belongs to the space M(a* qc ,H, d, C°°(A+(P))®F,nd(V T KMnwBw ~ 1 )). 
Proof: For w = 1 the assertion of the corollary follows immediately from 



Lemma 14.1. For arbitrary wgWit then follows by application of (14.9). □ 



93 



For s € W we define the so called partial Eisenstein integral E +yS (X) 
P +jS (P : A) as the r eg) 1-spherical function X + — > V^- <g> °C* determined by 



£+, s (A: aw)V> = $p !t0 (sA: a)[C°(s: A)^]„,(e), 



(14.11) 



for ip G °C, id G W, a G A+(P ) and generic A G a* c (use the isomorphism (2.8)). 
It follows from Corollary 14. 2| that E +tS is a mero morp hic C° ° (X + : r® l)-valucd 
function on a* c . By sphericality it follows from ( 14.7 ) and ( 14.11 ) that 



X 



+ • 



(14.12) 



sew 



It follows from the definitions and the isomorphism ( |2.9| ) that, for generic A G 
a* c , the function E +tS (X)ip belongs to C cp (X + : r®l) for each ^ G °C. Moreover, 



Exp(P, v | E +)S (X)ip) C sA - p P - NA(P), 



(14.13) 



for every v G W and hence also for every v G iVA'(a q ). Thus, we see that (14.12) 
is the splitting of Lemma 2.2 applied to th e Eis enstein integral. We abbreviate 
E + (X) = £+,i(A). Then from (|l4.1l|) and (|l4.6|) we see that 

E + (X)(aw)'il; = $p : »,(A: a)ijj w (e), 

for ^) G °C, w G W, a G j4+(P) and generic A G a* c . Moreover, the following 
holds as a meromorphic identity in A G a* 



P+, S (A: x) = E+(sX: x)C°{s: A). 



(14.14) 



In the next lemma we will need the following notation. If A G b£ c , we denote 
by °C[A] the subspace of °C consisting of elements ip satisfying fi(D : X)ip = 
7 (D : A + X)ip for all D G D(X), A G a* c . We recall from §, eq. (5.14), that °C 
is a finite direct sum 

°C = ©a°C[A], 

where A ranges over a finite subset L T of b£ c . For each A G b^ c , we denote by 



.-■hyp I 



^ '(X + : t : A) the space £ yp (X + : r : S) (see Definition 12.8) where S G -Dp 



is the characteristic function of {A}. 



Lemma 14.3 Let P G P™ in , t € W and ip G °C[A], where A G bjj c . Define the 
family f = f {t y. a* c x X+ -» K, by 

f(X,x) = E +tt (P; A: z)V>. 
Then / G £q YP ( x + : T : A ) a " d de ga/ = 0. 

Proof: According to Definition 12.8 and Remark 12. 9] , in order to prove that 
/ G £o yP ( X + : t : A) we must establish that / G C^ m *'(X + : t) and that f x is 
annihilated by Ia+a for A in a non-empty open subset of reg a /. 
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Wc first assume that t = 1. Then f(X,x) = E + (A: x)ip. It follows immedi- 
ately from H Cor. 9.3 and the hypothesis on if) that f\ is annihilated by Ia+x 
for generic A £ a* c . We will now show that / G Cg P ' hyp (X + : r). Let ft be 
the union of the hyperplane configurations 7i w , w G W, of Corollary 14.2, and 
let d: H — » N be defined by d = max^gvv du, (see Remark jll.l ). Then for ev- 
ery complete locally convex space U, the spaces 7W(a* c , H w ,d w , U) are included 
in the space M(a * c ,H, d, U), with continuous inclusion maps. Hence for each 
w G W the series ( 14. 10| ) converges as a A(P)-exponential polynomial series on 
A+(P), with coefficients in the space M(a* qc , H, d, End(Vf unwHw ~ 1 )). More- 
over, the function A 

End(V T KMnwIiw ' 1 )). 



$P !t0 (A: •) is contained in M(a* , H, d, C°°(A+(P)) <g> 



On the other hand, from (14.11) and (14.6) with s = 1, it follows that 



TL(h)(a) = f(X,aw) = 3> P , W (\: a)^(e), 



(14.15) 



for all in e W, a 6 A+(P) and A G a*„ \ UW. Hence the function A h-» 

t p.J/a) belongs to the space M(a* c , ft, d, C°°(A+(P), lf Mn " ,ff "'" 1 )). In view 
of the isomorphism ( |2.8| ), it now follows that the function A i— > f\ belon gs to 
7W(a* c , H, d, C°°(X + : r)). This establishes condition (a) of Definition |l 2.1 , with 
Q = Pq and Y = {0}. 

The evaluation map ij) <— > VK 6 ) is a linear isomorphism from C°°(Xo iU j : tm) 
onto V/Mn^ff«,- _ ThuS; for w g w and ^ e NA ( P ) 

we may define a function 

w I /) : a qc — ¥ C°°(X ^ W : tm) by 



qi, v (P,w | /, A,e) = r PiUJ ^(A)-0«,(e), 



(14.16) 



for A G a* c . Then q liU (P,w \ f) G M(a*,H,d,C°°(Xo tW : tm)). Moreover, from 
what we said earlier about the convergence of the series ( 14.10[ ), it follows that, 
for w G W, the series 

a~ v q l , v {P,w\f) 

r/eNA(F) 

converges neatly as a A(P)-exponential polynomial series on A£(P), with coef- 
ficients in M{a* H, d, C°°(X o, m : t m )). 

From ( |14.15|) , ( |l4.S| ) and ( |l4.16[ ) it follows by sphericality that, for w G W, 
A G a*„ \ UW, m G X , w and a G A+(P), 



fx(maw) = a 



— n X -PP 



i^eNA(P 



a v qi >v (P,w\f)(\,m), 



This establishes assertions (b) and (c) of Definition 12.1 with a fixed P, arbitrary 
v G W, and, for i/ G NA(P), X G a q , 



q s , v (P,v\f,X) 



qi,»(P,v\f) 




for 
for 



s = i; 

s G W \ {1}. 



In view of Remark 12.2 we have shown that / G Cg P,hyp (X + : t). Moreover, 
deg a / = 0. This completes the proof for t = 1. 
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Let now t £ W be arbitrary and let t £ Wo(b) be such that f| 0q = t; see the 
text preceding Lemma 5.5. From (14.14) we see that 

f(\,x) =E + (tX: x)C°(t: \)i/>. (14.17) 

It follows from ||, Lemma 20.6, that there exists a ^-configuration TL' in o* c 
and a map d': TL 1 — > N, such that 

C°(t: •) G M(o* c ,W',d',End( C)). (14.18) 

From §, eq. (5.13), it follows that C°(t: A) maps °C[A] into °C[tA]. Fix a basis 
V>i, ■■■ , ips for °C[iA]. Then there exist unique functions Cj £ .M(a* c , W, d') such 
that 



C°(t: A)^ = ^ Ci (A)^. 



(14.19) 



For 1 < j < r we define the family gj : a* c x X + — > by 

9j(X,x) = E + (\: x)i)j. 



(14.20) 

Then by the first part of the proof, each gj belongs to £q YP (X + : r : tA). More- 
over, for every 1 < j < r, the family gj satisfies the conditions of Definition 12.1 
with Q — Pq and Y = {0}, with TL and d as in the first part of the proof, and 
with k — 0. 

For 1 < j < r we define the family ff. o* c x X + — > V^- by fj(X, x) = gj(t \, x). 
Then we readily see that fj satisfies the conditions of Definition |12.1| with 
t^H. and dot in place of TL and d, respectively, and with k = 0. Hence 
fi £ C cp ' hyp (X+ : r). Since I iA+tx = I A+X we see that f s £ f hyp (X+ : r: A). 
Moreover, deg a / ? - = . 

Combining fll4.17p and ( |14.19| ) with ( |14.20| ) and the definition of we find 
that 

r 

f(\,x) = '£c j (\)f j (\,x). 
j=l 

Let W" = t~ x H U W and define d":TL" -» N by d"(iJ) = d(*ir) + rf'(if) (see 
Remark |ll.l|). Th en by linearity it readily follows that / satisfies all conditions 
of Definition |l2.1 , with k = and with TL" and d" in place of 7i and d, respec- 
tively. Hence / £ Co P ' hyp (X + : r) and deg a / = 0. Moreover, for generic A, f\ is 



annihilated by Ia+\, and hence / £ £q YP (X + : r: A). 



□ 



Corollary 14.4 Let assumptions be as in Lemma 14. Q and let Q be a a- 
parabolic subgroup. Let C £ M(*a* Qqc ,T, Q )* aui . Then £*/ £ £q Y £(X + :t:S) 
for Y = supp C and 5 a suitable element in Dq . Moreover, 

Exp(F, v | (£*/)„) C t(u + Y)-p P - NA(P) 

for w 6 iVx(a q ) and ^ G reg a £*/. 



Proof: This follows immediately from Lemmas 14.3 and 13.5, and from (14.13) 
combined with the final statement in Proposition 13.2 (b). □ 
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Lemma 14.5 Let if; G °C[A] where A G b£ c . Then the family /: a* c xX + ^ V T , 
defined by 

/(A, x) — E°(P : A : x)ip 

belongs to £q YP (X + : r: A). Moreover, deg a / = and for all P G V a ,v G 
A^if(a q ) and every s G Wp\W, tie family f is holomorphically s-global along 
(P,v). 

Proof: The function / equals the sum, for t G W, of the functions fj t \ defined in 
Lemma 14.3, with P in place of P. Hence / G £q YP (X + : r : A) and deg a / = 0. 



Moreover, for each A G reg a /, the function fx is asymptotically global along 



all pairs (P, v) by Proposition 8.S . Thus , it r emains to prove the assertion on 



holomorphic globality. In view of Lemma 13.7, it suffices to do this for arbitrary 
P E P a and the special value v = e. 

In the rest of this proof we shall use notation of the paper . According 
to jjj, Lemma 14, there exists a locally finite collection TL of E-hyperplanes 
such that A i— > f\ is holomorphic on Qq: = a*„ \ UH, with values in C°°(X: r). 
According to the same mentioned lemma it follows that / 6 £*(G/H, V T , fio). 
According to 0, p. 562, Cor. 1, for generic A £ a* c the function f\ has an 
asymptotic expansion of the form 

f x (xexptX)~ PpAh: s: \)(x)e( sX -or-")(tx) (f ^ (W 21) 

sew P \»' 

for A" e ap q at every X Q g ap q . Proposition 10 of is valid with £*(G/H, V T , CIq) 
in place of £*(G/H, A, SIq), by the remarks in the beginning of §, Sect. 12. In 
particular, there exists a full open subset "o* c of a* c such that, for all s e W / p\W / 
and v e NA r (P), the coefficient pp, v {f\ ■ s : A) is holomorphic as a C°°(G, V T )- 
valued function of A on the full open set Q n "a* c . 

On the other hand, since / € £q YP (X + : r : A), and deg a / = 0, the expansion 



(12.2) holds, with k = and Y = {0}, for all A £ 0: = reg a /. Thus, if A 6 



Ona*°(P, {0}) is generic, then it follows from comparing the expansions (14.21) 



and (12.2), and using Lemma 3.2 and uniqueness of asymptotics (see the proof 



of Lemma 1.7), that 

q Sl „(P,e\f,X,\)(m)=p Pl „(f x : s: A)(m), (14.22) 

for all s S Wp\W, v e NA r (P), X 6 op q and m G Mp+; here we have written 

Mp + for the preimage of Xp e!+ in Mp. 

By analytic continuation the equality ( |14.22 ) holds for all A in the full, 



hence connected, open subset tt': = f2 fl Flo fl "a* c of a* c . In particular it follows 
that A i — > q s u (P, e\ /, A) is holomorphic on f2' as a function with values in 
fb(ftp q ) ® C°°(Xp, e : r P ), for all s G PFp\PF and G NA r (P). This establishes 
the assertion on holomorphic globality, see Definition 13. 6[ □ 
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Lemma 14.6 Let A £ b£ c , ip £ °C[A], S C W and define f s : o* c x X^ 
fs(\,x):=J2E + APo: X: x)i>. 



V T by 



s£S 



Then the family f s belongs to £o yp (X+ : r : A). Moreover, letteW and a £ A, 
and assume that either W a t C S or W a tC\S — 0, where W a — {1, s Q }. Then the 
family f s is holomorphically W a t-global along (P a ,v), for every v £ iV^-(a q ). 

Proof: The first assertion is an immediate consequence of Lemma 14. 3| with 

Po in place of P. 

Let v £ Nk (ciq). It follows from ( 14.13 ) and Theorem 3J5 that 

Exp(P Q , v | / {s}A ) C sA| 0ctq - p a - NA r (P Q ) 

for each s £ IF. For A in the full open subset aj? qc (Po, {0}) of a* qc the sets 
sA| aQq — p Q — NA r (P a ) ar e mutually disjoint for different [s] = W a s from IF Q \1F, 
see Lemmas G/2 and |6.5[ . Hence 

q m (P a ,v | / { ,}) =0, (14.23) 

for all s £ W \ W a t and all £ £ A r (P Q ). 

First assume that W^inS 1 = 0. Then it follows from ( 14.23| ) that q^^(P a ,v 
fs) = for all £ £ A r (P a ). Hence fs is holomorphically [t]-global along (P Q , v). 

Next assume tha t W a t C S. Let 5 C = IF \ S. Then fs = fw~ fs-, and it 
follows from Lemma |14.5| and what was just proved, that fs is holomorphically 
[f] -global along (P a , v). □ 

If Q £ V a is standard, then we define the subset of W by 
W Q = {s £ IF s(A Q ) c £+} 



(14.24) 



It is well known, see e.g. jl(|, Thm. 2.5.8, that the multiplication map x 
IFq -> IF is bijective. Moreover, if s £ FF Q and i £ IFq, then /(si) = l(s) + l(t): 
here /: FF — » N denotes the length function relative to A. In particular this means 
that IF'' consists of the minimal length representatives in W of the cosets in 
W/W Q . 



Lemma 14.7 Let s £ IF, a £ A and assume that s 1 a\ aQ ^ 0. Let t £ IFq. 
Then s £ W Q t if and only if s a s £ W Q t. 

Proof: The hypothesis s~ l a\ aQ 7^ is also satisfied by the elements S\ = st^ 1 
and S2 = So.si" 1 . Hence we need only prove the implication s £ =>■ s a s £ 

Assume that s £ . Then s(Aq) C S + . From the hypothesis it follows that 
s~ 1 a Aq, hence a ^ s(Aq). Since a is simple, it follows that s q (s(Aq)) C S + . 
Hence s a s £ FF Q . □ 
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Corollary 14.8 Let tfj G °C[A] where A 6 b£ c and let Q g V„ be a standard 
parabolic subgroup. Fix t G Wq, and let the family /: a* r x X + — > V T be defined 
by 

f(\,x)= J2 E +,st(Po- A: x)&). 

Then f g £ hyP ( x + : ^ : A )hgiob. lfCeM{*al 
belongs to the space £q^ p (X + : r : <5)h g iob 
suitable element of Dn . 



where y 



)* aur , then the family £*f 
= supp £, and where 5 is a 



Proof: Let 5 = W Q t. Then, f = fs, where we have used the notation of 



Lemma 14.6 . It follows from the mentioned lemma that / g £q YP (X + : r: A). 
Moreover, let s g jy and a g A be such that s _1 a| ag / 0. Then it follows 
from Lemma |l4.7 that either W a s C S or W a s n 5 is empty. Hence it follows 
from Lemma 14.6 that / is holomorphically iy a s-global along (P a ,v), for every 
v G NK(a q ). Thus / G £q YP (X + : r : A)h E i ob by Lemma 13.11 The remaining 
assertion now follows from Theorem 13.12. □ 



15 Asymptotics of partial Eisenstein integrals 

Let P G P™ 111 and let Q be a er-parabolic subgroup containing P. For the 



application of the asymptotic vanishing theorem, Theorem 9.10, in the next 
section we need to determine the coefficient of the leading exponent in the 
(Q, u)-expansion of the Eisenstein integral E°(P: A), for every v G A^(dq). To 
formulate a result in this direction, we need some additional notation. 

Let v G -/Vft-(a q ) and select a complete set of representatives Wq, v in Nk q (ct q ) 
for Wq/WkqhvHv- 1 ■ We define °C(Q, v) = °C(Q, v, t) to be the analogue of the 
space °C for the data Xiq, v ,tq. Thus 

°C(Q, v) = ® ueWQ v C°°(M/M n uvHiuvy 1 : r) (15.1) 

with an orthogonal direct sum. Note that °C(Q,v) is also the analogue of °C 
for the data Xq^, tq. 

One readily checks that the map Wq. v — > W/Wkhh given by it i— > Ad(ww) |a q 
is injective. Hence we may extend Wq >v v to a complete set W C -/Vx(a q ) of 
representatives for W/Wkdh- If w G W, then u> G Wq, v v <^=> rou" 1 G Kq. 
With such choices made we have a natural isometric embedding iQy. °C{Q, v) 
°C, defined by 

The adjoint of the embedding iQ jt , is denoted by prg v : °C — > °C(Q, v). It is given 
by the following formula, for -0 G °C, 

(P r Q,<»« = tl>uv, (»£%)■ (15-3) 
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The normalized Eisenstein integral associated with the data Xiq^tq and 
*P: = P n Miq is denoted by E°(X 1QtV : *P : u), for v G a* c . Similarly, the par- 
tial Eisenstein integrals associated with these data are denoted by E +:S (Xiq, v : *P : v), 
for s G Wq and ^ G a* c . Note that all of these are (tq ® l)-spherical smooth 
functions on Xiq. 1 ,. + with values in Hom(°C(<5, v), V T ) ~V T ® °C(Q,v)*. 



Proposition 15.1 Let P G P™ in , QeP, and assume that Q D P. Let v G 
iVif(a q ), and choose Wq. v , W as above such that Wq. v C Ww _1 . Let ij) G °C 
and iet the family /: a* c x X — > V 7 ,- be defined by 

f(X,x) = E°(P: A: xty. 

Then, for A £ a* c generic, and for all X G ag q and m G Xg.„ i+ , 

OA |a„ - PQ (Q,v I fx,X,m) = E°(X 1QtV : *P: A: m)pr Q y0. (15-4) 



Proof: We first assume that i? = e. Then Xxq^ = Xin e = Miq /Miq n if. 
Moreover, the set Wq: = Wg :e is contained in W. From @, p. 563, Thm. 4, it 
follows that 

q\\ aQci ~ PQ (Q,e\f\,X,m) = E°(X 1Q . e : * P : A: m)pr Q ^, 

for generic A G a* c and all X G ag q and m G XQ e + . Here prg is the natural 
projection map from °C onto °Cq(t) = ® veWQ C°°(M/M nvHv^ 1 : r M ), see @, 
pp. 544 and 547. Thus, prg equals the map prg e defined above and it follows 
that ( 15.4| ) holds with v — e. To establish the result for arbitrary v G iY#r(ciq), 



we first need a lemma. 

From Remark |3.1| we recall that X„ = Xic, v = G/vHv~ x . The set Wg,v : = 
Wv^ 1 is a complete set of representatives for W/W KnvHv -i . Accordingly, the 



analogue °C(G,v) — °C(G,v,t) of the space °C is given by (15.1) with G in 
place of Q. The associated map ic,v- °C(G, v) — > °C is now a bijective isometry; 
moreover, its adjoint pr G v is its two-sided inverse. 

We recall from the end of Section || that right translation by v induces 
a topological linear isomorphism R v from C°°(X: r) onto C°°(X V : r). In the 
following lemma we will relate the right translate of E° (P : A) to the normalized 
Eisenstein integral associated with X„, Wu -1 and P. 



Lemma 15.2 Let ip G °C. Then, for generic A G a* c , 

R V (E°(X: P : X)ip) — E°(X V : P : A)[pr Gi „# (15.5) 

The formula remains valid if the normalized Eisenstein integrals are replaced by 
their unnormalized versions. 

Proof: We first prove the formula for the unnormalized Eisenstein integrals. 
Let A G a* be such that (Re X+pp , a) < for all a G S(P). Define the function 



100 



xjj(\):G -> V r as in @, Eq. (19). Then E(P : A : x)ip = j K r(k)^{\: k- l x)dk. 
Hence E{P : A : xv)ip = J K T(k)ipG,v(^ '■ k~ 1 x) dk, where ipG,v(X '■ x) = xp(X : xv). 
One now readily checks that ^? G) „(A) is the analogue of ip(X), associated with 
the data X„, Wv -1 and with the element ipG,v- = pr G °f v )- From this 

we obtain the equality jl5.5| ) for the present A. For general A, the result follows 
by meromorphic continuation. 

Let Q G V™ in . Then it follows, by application of Lemma [O] and the defi- 
nition of the c-functions (cf. 0, § 4), that, for every s G W, each u G Wv^ 1 
and generic A G a* c , we have [C Q \ P (X: s: \)ip] uv = [C Q \ P (X V : s: \)pr G v ->p] u . 
In other words, 

Wg,v oC Q\p( X: s: X) = Cq\ p (X v : s : A)opr Gtr 

The proof is completed by combining this equation, after substitution of P and 
1 for Q and s, respectively, with the unnormalized version of ( |15.5| ) and the 
definitions of the normalized Eisenstein integrals (cf. 0, eq. (49)). □ 



Completion of the pr oof o f Prop. 15.1 . Le t v G A^ciq) be arbitrary. 



Then from Lemmas 5/7, 15.2 and equation ( 15.4 ) with ~K V , e and pr G v ip in 
place of X, v and tp, respectively, it follows that, for X £ dQ q and to G Xq i1J!+ , 



Qq 



~PQ 



(Q,v\ f x ,X,m) 



9A| OQq - PQ (Q,e 



^"(XlQ,. 



R v (fx),X,m) 
P: A: m) pr Qe pr G 



In the last expression the two tildes over objects indicate that the analogues of 
the objects for the symmetric space X„ are taken. We now observe th at X iq iE 
equals the space Mxq/Mxq n evHv~ 1 e — Xiq^. Hence, to establish ( 15.4 ), it 
suffices to show that Wq^Wcv 1 ^ = P r Q.i,V'- F° r this we note that Wq e is the 
projection from °C(G, v) onto the sum of the components parametrized by the 
elements u of M\q n Wv^ 1 — Wq^. Moreover, for u G Wq, v , 

[P~ r Q, e P r G,>]« = [pr G) „V>]« = l/>uv = [P*Q,vi>]u- 



□ 



The result just proved generalizes to partial Eisenstein integrals. 



Proposition 15.3 Let P G V™ m . Let ip G °C, let S G W and let the family 
f = fs be defined by 



s£S 



see Lemma \14.(\ . Assume that Q G V a contains P and that v G -/Vff(a q ). Then, 
for generic A G a* c , and all X G dQ q and to G Xq^ !+ , 

QMa Qq -P Q (Q> v I fx, x , m ) = E +A x iQ,v : * p - A: ™) prQ,^- (15-6) 

sesnwq. 
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In particular, if S n Wq = then A|„ Qq — pq Exp(Q, v\f\). 

Proof: For S — W this result is precisely Prop. 15.1 . We shall use transitivity 
of asymptotics to derive the result for arbitrary S from it. 

It suffices to prove the above identity for m = bu € Xq i1)i+ , with u £ Nk q (a q ) 
and & 6 *Ag (*P) arbitrary 

According to Lemma 14.3 and Remark 12.2 , the function f$ belongs to 
Cq P | j(X + : r: SI), for the full open subset Q: = reg a /s of a* c . 

Hence, according to Theorem 7.8 with P , Q and P in place of Q, P and Pi, 
respectively, for A £ o* c generic the following holds, with [1] the class of 1 £ W 
in W/ ~q| Po = Wq\W, 

Qx\a Q ^-p Q (Q> v \fsx,X,bu) = q [1]:0 (Q,v \ fs,X)(X,bu) 

= E E ^ PP ^^( J P,™l/5,^ + log6)(A,e). 

sGWq /J £NAq(P) 

Now, for all s,t £ VF, /i £ NA and v £ Nk (o-q) it follows from ( 14.13| ) and 
Lemma 6.2 that q s ^(P, v \ fu}) — if s ^ t. Hence 



q s ,t,(P,v\ f S ) 
Thus, we obtain that 



q s ,n(P,v\fw) if s e S, 
otherwise. 



qx\ aQ ^- PQ {Q,v\fsx ) X,bu)= E b sX -o-»q s ^(P,uv\f w ,X + \ogb)(\,e). 

sesnw Q AI £NA q (p) 

(15.7) 

This equation is valid for any subset S of W; in particular, it is valid for S = W. 
Using ( 15. £ ) we now obtain that, for any u £ iVft- Q (a q ) and all 6 £ *Aq (*P), 

^°(Xiq^ :*P:\:bu) Wq, v ^ = E E ^ P ^9^(^ u « I fw, X + log 6) (A, e). 

(15.8) 

This is the Ag(P)-exponcntial polynomial expansion of the Eisenstein integral 
along (*P, it). In view of ( 14.12j) and the remark following ( 14.13| ), with Xig jt , in 
place of X, we infer from ( 15. 8| ) that, for each s £ Wq, and every u £ Nk q (a q ) 
and b £ *A+ q (*P), 

E+,s(Xiq. v : *P : A : bu)pr Q v ip = £ b^-f^q^P, uv \ f w , X + log &)(A, e). 

(15.9) 



Finally, ( 15.6 ) with m = bu follows by combining ( 15.7 ) and ( 15.9 ). 



□ 
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We end this section with a generalization of Proposition 15.3, involving the 
application of a Laurent functional. 



Proposition 15.4 Let assumptions be as in Prop. 15.3 and let C G A4(*cIq c , £Q)* aur . 
Then the family £»/ defined by £*/(f, x) — £[/( • + v, x)], for generic v G ag qc 

and x G X + , belongs to £g Y y(X + '■ T '■ with 5^ = supp£ and for a suitable 
<5gD q . 

Moreover, for generic v G Hg qc and all X G dQ q and m G Xq )U) +, 

:*P: ■ +v: m) piq ^}. 

(15.10) 

In particular, if S PI Wq = then v — pq ^ Exp(Q, w | {C*f) v ). 



Proof: The first assertion follows from Cor. 14.4. For the second assertion, we 
note that £*/ G Cg P y (X + '■ T '■ ^)) where is the full open subset dg qc \L)Hc,f 
of ag qc , see Remark 12.2| Th e set SI*: = Q (1 ag qc (P, {0}) is a full open subset 
of cig qc . Moreover, from ( 7.14 ) it follows that, for v G S7*, 

^_ M (Q,«|(>C/) v ,A-)= 9[1]i0 (Q,t;|£./ J A-)(i/), (IB Q ,); (15.11) 

here [1] denotes the image of the identity element of W in Wj ~qiq ■ The 
expression on the right-hand side of the above equation is given by (13.5), with 
P = Q,<t = [1] G Wj ~q|q and £ = 0. Note that an element s G W satisfies 
[s] = [1] if and only if s G Wq. It follows from this that [1]-Y = {0}. Hence from 
(13.5) and (13.2) we conclude, with 1 denoting the image of 1 G W in Wq\W, 



q [1]i0 (Q,v\C,f,X)(y) = £ £^ [q lfi (Q, v\ f)(X, ■ )] („, X) 

= Y^ {x+1/)(x) ^*[e n(x) qiAQ,v\f)(x, -mm 



X£Y 



for X G aQ q and generic v G cig qc . From (A + i^)(X) = ^(X) we deduce that the 
last expression in ( |15.12 ) equals Xaer [ll,o(Q> v I /)(^> ' )]( z/ )- Hence from 
( pXTIl ) and ( p5T2| ) we obtain 



(15.13) 



q v - PQ {Q,v\ (£*/)„, X) = £»bi, (g,u • 
It follows from ( |15.6|) and ( |7.14[ ) that, for X G ag q , m G Xg jt , i+ , 

«I,o(Q,u|/)(X,A,m)= £ £ +)S (X 1Q>l ,:*P: A:m)pr Q ^, (15.14) 
sesr\W Q 

as a meromorphic identity in A G a* c . The equality ( 15.1 0| ) now follows by 
combining ( 15.13| ) with (15.14). □ 
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16 Induction of relations 



After the preparations of the previous sections we are now able to apply the 
vanishing theorem, Theorem 12. 1C, to families obtained from applying Laurent 
functionals to partial Eiscnstein integrals. This will lead to what we call induc- 
tion of relations. 

We retain the notation of the previous section. Moreover, we assume that 
Q £ V a is a standard parabolic subgroup. Thus *Po : = H-Po is the standard 
minimal cr-parabolic subgroup of Mq, relative to the positive system T,q: = 

s Q ns. 

We assume that ®W is a complete set of representatives in Nk (a q ) for the 
double coset sp ace W q\W/Wkdh- We also assume that for each v £ Q W a set 
Wq, v as above ( 15.1 ) is chosen. Then one readily verifies that 

W = U ve Q W Wq, v v (disjoint union). (16-1) 

is a c ompl ete se t of r epresentatives for W/Wkdh in A^(a q ). Combining this 
with ( 15. 2| ) and (15.3) we find that 

^ l Q,v °P r Q,t, = I°c- 
Combining ( |16.1| ) with ( |15.2[ ) and ( |15.3[ ), it also follows, for u, v £ Q W, that 



Theorem 16.1 (Induction of relations) Let C t £ A^(*ag qc , Sq)^ 
given for each £ £ W-q. If, for each v £ ^W, 



D C be 



£ £ t [S +)t (X Ql0 :*Po: •:m)opr Q ,J=0 ! (m £ X Q , U>+ ) (16.3) 

then for each s £ the following hoWs as a meromorphic identity in v £ ctQ qc : 
]T £t[P + , s t(X: P Q : ■ +v: x) ] = 0, (x £ X+). (16.4) 



Conversely, if the identity fll6-4 ) holds for some s £ W Q and all 
non-empty open subset of ag qc , then ( 16.3 ) holds for each v £ ^W. 

Proof: Define for each w € W the family : Og qc x X + —>V T ® °C* by 

g w {v,x) = C t [ E +tSt (X: P Q : ■ +v: x) } 

for generic v £ ag qc and every x £ X + ; the elements s £ W Q ,t £ Wq are 
determined by the unique product decomposition w = st (see below (14.24)). 
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It follows from Cor. 14.4, that there exist 8 W € Dq such that g w £ ^qy„ 0^+ '■ T '■ ^w)', 
here Y w = supp C t , where t £ Wq is determined as above. If we put Y = UY W 
and 6 = max.(6 w ), then g w belongs to £g y y (X + : r : 5) for all w £ W. Moreover, 
for generic v £ ag qc , 



Ex P (P , v | (g w ) v ) Cw(v + Y) - p- NA. 



(16.5) 



In view of Proposition 15.4 it also follows for X £ a.Q q , m £ Xq^ i+ and generic 
v £ a* Qqc that 

1v- PQ {Q,v I (g t ) v ,X,m) = C t [E +! t(X QjV : *P : ■ + v: m) opr Q >v ] (t£W Q ), 

(16.6) 

and 



Qu-p Q (Q,v\(g w ) v ,X,m) = {w $W Q ). 



(16.7) 



According to Cor. 14.8 the family J2 s ew® 9 sf belongs to the space £g y y (X + : r : <5) g i b 
for each t £ Wq. H ence so do es the family g = J^wew 9w = J2tew Q ,s£WQ 9st- 
Moreover, by (|16.6|) and ( ]16.7|) 

(Q,v\(g) v ,X,m)= £ A [f;+, t (X Q ,„ : *P : • +i/ : m) q pr Q|0 ] (m 6 Xq,„,+). 



From Theorem 12.10 we now see that (16.3) holds for each v £ if and only 
if .9 = 0. 

On the other hand, let g s = X^tgw 9 st f° r s e W®. It follows from (16.5) 



that 



Exp(P , v | (g s )„) C sv + WY — p — NA. 

Since the latter sets are mutually disjoint as s runs over , for ^ in a full 
open subset (see Lemma |6.2[), we conclude that for such j/, 



(si/ + VKF — p — NA) n Exp(P , « I 9u) = Exp(P , « I (,9 s ), )■ 

Hence 5 = implies that g s = for each s £ W®. Conversely it follows from 
Corollary 9.15 that g = if g s = for some s £ . The theorem follows 
immediately. □ 



Corollary 16.2 Letv £ ®W and let C t £ M{*a Qqc ,Z Q )* lam ® C(Q,v) be given 
for each t £ Wq. If 

]T C t [E + , t (X Q , v : *P : ■ : m)] =0, (me Xq, b>+ ) (16.8) 
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then for each s G the following holds as a meromorphic identity in v G cig qc : 

J2 C t [E +tSt (X: P : ■ + v : x) oi Q<v ) = 0, (z G X+). (16.9) 

tew Q 

Conversely, if the identity ( 16. !\ ) holds for some s G and all v in a 
non-empty open subset of cig qc , then ( 16.8 ) holds. 

Proof: For teWgwe define the functional C° t G M(*a* Qqt .,T, Q )* aul . ® °C by 
C° t = [/(g>ig )t) ](£ t ). Then for F G M(*a* Qqc , Eg) ® °C* we have 

£ i °F = £ t [^(-)iQ^]. (16.10) 



Let u G Q W. Then from ( |l6.2| ) and (|6j) we deduce that (|l6 3| ) holds with u 
and £j in place of v and £t, res pectively. It follow s that ( 16.4 ) holds with L° t 
in place of Cf In view of ( 16.10 ) this implies ( |16.9| ). The converse statement is 
seen similarly. □ 

Another useful formulation of the principle of induction of relations is the 
following. 

Corollary 16.3 Let v G ® W. Let C t £ A4(*a^ qc , Eg)f aur and ip t G M(a* qc , £)<g> 
°C(Q, v) be given for each t G Wq. Assume that 



Ct[E+, t (XQ ,v '■ *Po '■ 

tew Q 



m)(pt( ■ + v)} = 0, 



(meXfl M ) (16.11) 
<g> °C, for t G W Q . 



for generic v G a* Qqc . Dchnc ip t = (I <gi ig,„)<£t G -M(a qc , E) 
Then, for each s G W Q , 

Ct[E+, st (X: P : • +v: x)M: + f )] =0, (x G X + ) 

as an identity ofV T -valued meromorphic functions in the variable v G cig qc . 

Proof: Let H be a E-configuration such that smg(<^t) c UW, for each i G Wq. 
Moreover, let Y = U te w Q suppC t C *a Qqc . Fix t G VFg. Let W: = H a * (Y) be 
the E r (Q)-configuration in cig qc defined as in Corollary 11.6 . Let v G ag qc \uW; 
then the function <p%: A i— » <^t(A + z/) belongs to .M(*cig qc , Y, Eg). It follows from 
( P.0.7D that the functional L v t G A4(*a Qqc , E Q )* ® °C(Q,v) defined by 

£r[F(-)]: = A[F(-V t (- +")], 

for F G A^(*ag qc , Eg) ® ° C(Q, « )*, is a °C(Q, «)-value d En -Laurent functional 
on *cig qc . The hypothesis ( 16.11 ) may be rewritte n as (16.8 ) with L v t in place of 
Ct, for each t G Wq. By application of Corollary 16.2 we therefore obtain, for 
v G QqC \ UW', that 



J2 C t [E +iSt (X: P . 
tew Q 



+ fi:x)ip t (- +v) 







(16.12) 
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as an identity of V T -valued meromorphic functions in the variable fi G ciQ qc - Ac- 
cording to Lemma 11.9 the expression in this equation defines a meromorphic 
V T -valued function on dg qc x dg qc whose restriction to the diagonal is a mero- 



morphic function on dg qc . Thus, if we substitute v for /i in (16.12), we obtain 
an identity of Vr-valued meromorphic functions in the variable v G dg qc . □ 



Corollary 16.4 Let d,C 2 G M{*a* Qqc , T, Q )^ m <g> °C. If, for each v G 

Ci[E + (X QtV :*P : • : m) opr Qt ,] = C 2 [E°(X Q}V :*P : • : m) opr Qv ], (m G Xq >v>+ ) 

(16.13) 



then the following holds as a V T -valued meromorphic identity in v G Og qc : 

+ z/:x)], (i£X + ). 

(16.14) 



A[ £ £;+, s (X: P : • + v: x) ] = C 2 [ E°(X : P 

sEW Q 



In particular, for regular values of v, the expression on the left extends smoothly 
in the variable x to all of X. 



Conversely, if the identity (16.14 ) holds for v in a non-empty open subset of 



a* Q c , then ( |J6.13D holds for each v G Q W. 



Proof: It follows from p42[ ) that E°(X QtV : *P : A) = J2tew Q E +A^Q,v ■ *Po ■ A). 
Define C t G M(*a* Qqc , Sg)f aur ® °C for f G VFq as follows. If * = e then 
£ t : = £ 2 — C\, and otherwise = £2- Then the hypothesis (16.3) in Theorem 



16.1 follows from (16.13). Hence the conclusion (16.4) holds for each s G W®. 

it 

+ v:x)]=0, {xeX+) 



By summation over s this implies that 



E A[£+, st (X: P : 
sewn t£W Q 



(16.15) 



which, by the definition of the operators Ct is equivalent to ( 16.14j ). 

For the conve rse, let g s [v, x) denote the expression in ( |16.4[ ), as in the proof 
of Theorem 16.1 , with £ t specified as above. Then it was seen in the mentioned 
proof t hat if the sum g of the g s vanishes then so does each g s s epara tely. Now 
( 16.14 ) implies ( 16.15| ) which exactly reads that g = 0. Thus ( 16.4 ) holds for 
each s G W®, so that the converse statement in Theorem 16.1 can be applied. 
□ 

The result just proved allows a straightforward corollary similar to Corollary 



16.2, in which the maps \q^ v are used instead of the maps prg v . We omit the 



details. The following result is derived from Corollary 16.3 in exactly the same 
way as the first part of Corollary 16.4 was derived from Theorem 16.1. 
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Corollary 16.5 Let v G Q W. Let Ci,£ 2 G 7W(*o^ qc , E Q )^ m be Y> Q -Laurent 
functionals on *ag qc , and let ipi,(f2 G A^(a* c , S) (g> °C(Q, w). Assume that 

£i(£ + (Xq,„: *P : m) W (. +!/)) = £ 2 (£°(X g ,„ : *P : • : m)<^ 2 ( • + i/)), 

for ah m G Xq jV> + and generic v G ag qc . Define ipj — {I®iQ^ v )ipj G .M(a qc , S) ® 
°C, for j = 1, 2. Then, for every x G X + , 

Ci(J2 E + , S {X:P Q : ■ +v : x)ifo.{ ■ +u)) = C 2 (E°(X : P : ■ +v : x)M ■ + ")). 
as an identity ofV T -valued meromorphic functions in the variable v 6 dg qc . 



Corollary 16.6 Let v G Q W and let iji t € 7W(*a Qqc , S Q ) ® °C(Q,w) be given 
for each t G Wq. Let A G *ag qc . Assume that for each m G Xq )V) +, the 
meromorphic V T -valued function on dg qc , given by 

A h-> ^2 E+, t (XQ lV : *Pq : A : m)^(A), 

is regular at Ao- Then for s G VF^, a; G X + and generic v G cig qc the meromor- 
phic function 

A h-> ^ L+, st (X : P : A + i/ : x)i Q > t (A) (16.16) 
is aiso regular at Aq. 



Proof: The function in (16.16) has a germ at Ao in A^(*Og qc , Ao, Sq). By 
Lemma 10.7 it suffices to show that it is annihilated by .M(*ClQ qc , Aq, Sq)*^. 
Let £ G M(*a Qqc , A E Q )^ r and define C t G M(*a Qqc , Z Q )* aul ®°C for t G W Q 



by £ t = m^ t C, see ( 10.7| ). The desired conclusion now follows from Corollary 



16.2. □ 



We shall now give an equivalent formulation of the induction of relations. We 
call it the lifting principle. For the group case a similar principle was formulated 
by Casselman, see [0, Thm. II.4.1, however with Eisenstein integrals that carry 
a different normalization. 

Definition 16.7 The space .Ai aur (X + : r) is defined as the space of functions 

x^ C[E+(P : ■ : x)] G V T 
where C G -M(a* c , S)* aur ® °C. It is a linear subspace of C°°(X + : r). 



It follows from Corollary 14.4 with Q = G that ^4i aU r(X+ : r) consists of 



©(X)-finite functions in C cp (X+ : r). 
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Remark 16.8 Let C G M(a* ac ,Z)l„ r ® C. Then£[^( • )E+(P : • )] g Ai a ur (X + : r) 



for all ip G X(a* c ,S) (see ( |10.7| )). In particular, it follows from ( [14. 1^) that 
C°(s: • ) g M(a* c , E) <g>End(°C). Hence it follows from the identity ( 14.14fl that 
C[E + , S (P : ■ )] g _4i aur (X + : r) for each s g Moreover, by similar reasoning 
it can be seen that the space „4i aur (X + : r) does not depend on the choice of 
Pq g Vf n - 



Remark 16.9 Let A G a* c and ip G .M(a* c ,E) ® °C, and assume that A i— > 
P+(Po : A)v?(A) is regular at Ao . Then the function x i— > u[i? + (P : A: a;)y?(A)] | a=a 
belongs to .4,i aur (X + : r) for each u g 5(a*) (see the previous remark and Lemma 



10.15). Moreover, it follows easily from the definition of M.(a* c , E)f aur that 



-4iaur (X+ : t) is spanned by functions of this form. 



Theorem 16.10 (Lifting principle) Let Q G V a be a standard parabolic sub- 
group, and let s £ be fixed. 

(a) There exists for each v g a unique linear map 

F + , s>v :A UuI (X QtV!+ : r Q ) A1(a£ qc , E r (Q), C°°(X + : r)) 
with the following property. If <p g ■4i a ur(XQ )t , ) + : tq) is given by 

77i)] (m6%, + ), (16.17) 



p(m) = J] A[P+, f (X Q ,„: *P : 
tew Q 



for some C t G M{*a* Qqc , S Q )f aur ® °C(Q,w), t G W , then 

F +)Si „(p)(i/, x) = ^ £t[ E +:St (X: P : ■+u:x)\q^ 
tew Q 



(16.18) 



for x G X + and generic v G ag qc . 

(b) The function x i— > F+ )SiV ((^, z/, a;) belongs to .4i aur (X+ : r) for generic v. 

(c) The map 

F+, s : ®„ e q w Aaur(X Q:U ,+ : rq) -» M(a^ qc , E r (Q), C°°(X + : r)), 
given by F+, s (¥>) = £)„ ^+,s,u¥»», is injective. 



Proof: The uniqueness is clear from Definition 16.7. We use (16.17) and 
(16.18) as the definition of P+, Sjt) ; the fact that F +>SyV (ip) is well defined for all 



f G •Aiaur(X<3,,; ) + : tq) is equivalent with the first statement in Theorem 16.1 



(see also Corollary 16.2). Once the definition makes sense, it is easily seen that 
F+,s,v(<p) depends linearly on ip. That P+ jSj „(</j, v) G .4i aur (X + : r) for generic 
v is seen from Lemma 11.7. Finally, the injectivity of P+, s is equivalent with 
the final statement of Theorem 16.1. □ 
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Remark 16.11 Note that with ip v = E°(X Q , V : *P : A) for each v G Q W we 
obtain 

E+, st (X: P : \ + x) iq (tp v ,v,x), 

taw Q 

for x G X + , and hence by summation over v and s 

E°(X: P : X + u: x) = ^ F +iB (<p,v,x). 

sew® 



Remark 16.12 In [jO], Definition 10.7, we define the generalized Eisenstein 
integral E° F (ip : v) G C°° (X : r) for ip G Cf, v G a* Fqc (with the notation of loc. 



cit.). By comparison with Theorem 16.10 for Q = Pp it is easily seen that 
E F (ip : v: x) = F +t i(ip, v, x) for x G X + . 



17 Appendix A: spaces of holomorphic functions 

If fi is a complex analytic manifold, then by 0(Vt) we denote the space of 
holomorphic and by M(Q) the space of meromorphic functions on Q. 

If V is a complete locally convex (Hausdorff ) space, we say that a function 
ip: Q — ► V is holomorphic if for every a G f2 there exists a holomorphic coordi- 
natisation z = (zi, . . . , z„) at a such that in a neighborhood of a the function 
</? is expressible as a converging V- valued power series in the coordinates z. The 
space of such holomorphic functions is denoted by 0(fl, V). We equip this space 
with a locally convex topology as follows. Let V be a separating collection of 
continuous seminorms for V. For every p G V and every compact set K C f2 we 
define the seminorm yjf^ on 0(f2, V) by VK,p{f) — sup^potp. This collection 
of seminorms is separating hence equips 0(fl, V) with a locally convex topol- 
ogy. Note that this topology is independent of the choice of V . Moreover, it is 
complete; it is Frechet if V is a Frechet space. 

We recall that 0(£l, V) is a closed subspace of C°° (f2, V). Indeed, if d denotes 
the anti-linear part of exterior differentiation, then 0(£l, V) is the kernel of d 
in C°°(fi, V). 

A densely defined function <p: Q, — ► V is called meromorphic if for every a G £1 
there exists an open neighborhood U of a, and a function t/j G O(CZ) \ {0} such 
that iptf G V"). As usual, meromorphic functions are considered to be equal 
if they coincide on a dense open subset. The space of V- valued meromorphic 
functions on Q is denoted by A^(f2, V). If ip is an ^-valued meromorphic function 
on we define reg(y) to be the largest open subset U of fl for which ip\jj 
coincides (densely) with an element of 0(U,V). The complement smg(ip) — 
ft \ reg(cp) is called the singular locus of cp. 

Lemma 17.1 Let X be a C°° and VI a complex analytic manifold. Let V be a 
complete locally convex space. 



110 



Let T be the locally convex space of C°° -functions X x £1 — > V that are 
holomorphic in the second variable. Given f 6 T and x 6 X, we dehne the 
function if(x):Cl — > V by if(x)(z) — f(x,z). Given z e H we define the 
function 2 f{z):X -> V by 2 f(z){x) = f(x, z). 

(a) The map / i— » i/ defines a natural isomorphism of locally convex spaces 
from T onto C°°{X, 0(0, 1/)). 

(b) The map / >—> 2 / defines a natural isomorphism of locally convex spaces 
from T onto 0(Q, C°°{X, V)). 

In particular, the above maps lead to a natural isomorphism 

c°°(x, o(n, v)) ~ o(n, c°°(x, v)). 

Proof: The above isomorphisms are valid with O replaced by C°° everywhere. 
This is a well known fact, and basically a straightforward consequence of the 
definitions, though somewhat tedious to check. The isomorphisms with O are 
seen to be valid by showing that the appropriate kernels of the operator 5 cor- 
respond. Checking this involves a local application of the multivariable Cauchy 
integral formula. □ 



18 Appendix B: removable singularities 

We discuss a variation on the idea of removable singularities for holomorphic 
functions that is particularly useful for application in the present paper. 

A subset T of a finite dimensional complex analytic manifold £1 will be called 
thin if for every A £ fi there exists a connected open neighborhood U and a 
non-zero holomorphic function ip 6 0(U) such that T n U C (y9 _1 (0), see pjj, 
p. 19. An open subset U of il will be called full if its complement is thin. It 
is clear that a full subset of il is dense in VL. Note that the union of finitely 
many thin subsets is thin again; accordingly, the intersection of finitely many 
full open subsets of £1 is again a full open subset. Obviously any union of full 
open subsets is a full open subset. Note also that if £7 is connected, then every 
full open subset of £1 is connected p. 20). 

Lemma 18.1 Let j:V — > W be an injective continuous linear map of complete 
locally convex Hausdorf spaces, and let F be a W -valued holomorphic function 
on a complex analytic manifold Q. Assume that there exists a full open subset £lo 
of £1 and a holomorphic function Go : £lo — > V such that such that F = j o Go on 
Qq. Then there exists a unique holomorphic map G: £1 — > V such that j o G = F. 

Proof: Clearly the result is of a local nature in the £l-variable, so that we may 
assume that £7 is a connected open subset of C n , for some n £ N. Moreover, we 
may as well assume that Clo — £^\y _1 (0), with ip € 0(d) a non-zero holomorphic 
function. 
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Fix Ao G fi. Since ip is non-zero, the function z i— > <^(Ao + z/x), defined on a 
neighborhood of in C, is non-zero for some /i G C" \ {0}. Being holomorphic, 
this function then takes the value in isolated points. Hence we may choose [i 
such that Ao + Zfi G Oq for < |^| < 1. By compactness there exists an open 
neighborhood No of Ao in f2 such that A + zfi G O for all A G No and zeC with 
\z\ < 1, and such that A + z/jG fio for \z\ — 1. By the Cauchy integral formula 
we have: 

F(A) = -L /" F(A + z M )^. (18.1) 
2m J 9D z 

Here <9£> denotes the boundary of the unit circle in C, equipped with the orien- 
tation induced by the complex structure, i.e., the counter clockwise direction. 
Note that the W- valued (or V- valued) integration is well defined, since W (or 



V) is complete locally convex. In the integrand of (18.1) the function F(X + zfJ,) 
may be replaced by j(Go(A + zfi)). Using that j is continuous linear we then 
obtain that 



F(X) = j(G(X)), (18.2) 



where 



G(A):=-^/ G (A + z A1 )- (A G No). 

27TI Jg D Z 



Clearly G: No — > V is a holomorphic function; moreover, it is uniquely de- 
termined by equation ( 18. 2| ), since j is injective. This implies that the local 



definition of G is independent of the particular choice of /i. Moreover, it also 



follows from (18.2) and the injectivity of j that all local definitions match and 
determine a global holomorphic function G: Q — > V satisfying our requirement. 
□ 



Corollary 18.2 Let Q,q he a full open subset of a complex analytic manifold 
and let Xo be a dense open subset of a C°° -manifold X. Moreover, let F:£lx 
Xq — > C be a C°° function that is holomorphic in its first variable, and assume 
that its restriction to x Xo has a smooth extension to fto x X. Then the 
function F has a unique smooth extension to Q x X. Moreover, the extension is 
holomorphic in its first variable. 

Proof: As in the proof of the above lemma we may as well assume that fi is 
an open subset of C", for some n. 

Let V = C°°(X) and W = G°°(X ) be equipped with the usual Frechet 
topologies. Restriction to Xo induces an injective continuous linear map j: V — > 
W. 



By Lemma 17.1(b) we see that the function F: CI — > W, defined by F(z) — 
F(z, ■ ) is holomorphic. Let Go be the extension of (z, x) i— > F{z, x) to a smooth 
map fto x X — > C. Then by density and continuity the function Go satisfies 
the Cauchy-Riemann equations in its first variable. Hence it is holomorphic 
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in its first variable, and it follows that the function Go^o ~~ * V defined by 
Go(z) = Go(z, •) is holomorphic. From the definitions given we obtain that 
F = jo G on Oo • By the above lemma there exists a unique Jiolomorphic 
function G: — > V such that F = j o G. The function G: (z, x) i— > G(z)(a;) is the 
desired extension of F. □ 
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